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Abstract of the Dissertation
A Computational Framework
Tracking a Moving Interface

in Arbitrary Dimension and Codimension
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The level set method was originally introduced to track a moving interface of

codimension one, and recently generalized to arbitrary codimension. The gener-

alized level set method represents an interface as the level set of a vector valued

function, and invoked two computational problems. One is to construct and visu-

alize the level set of a vector valued function. The other is to e�ciently advance

the vector valued function in high dimension

The purpose of this article is to introduce a uni�ed theory and e�cient numer-

ical algorithms solving the two computational problems. The numerical methods

constitutes a computational framework for tracking a moving interface in arbi-

trary dimension and codimension
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CHAPTER 1

Introduction

Recently the level set method was utilized to track the propagation of high fre-
quency waves. By embedding the wave front into the phase space, the method
enabled the tracking of a wave propagation with superpositions or with compli-
cated geometries, just by solving a linear advection equation. However it invoked
two computational problems of isosurfacing and local level set method.

The subsequent two chapters introduce a uni�ed theory and an e�cient algo-
rithm of isosurfacing and local level set method. They were written not only for
the wave propagation but for a general setting that can track a moving interface
in arbitrary dimension and codimension.

1.1 High Frequency Wave Propagation

The numerical simulation of high frequency has been an important topic in many
areas that include geometric optics [OCK02, ERT02], seismic wave [QCO03] and
semi-classical Schrodinger equation [CLO03, ER03]. Since the superposition is
typical in wave propagations, the governing equations of the wave phenomenon
take the form of linear partial di�erential equation. Although numerical meth-
ods for linear partial di�erential equations have been fully developed, it is still
challenging to simulate the linear equation directly. According to the Nyquist's
theorem [Nyq28], the sampling frequency should be at least two times bigger
than the wave frequency to numerically resolve the wave properly, which forces
sampling 2

7
· 107 points in 1 meter to resolve the red light of 700 nm wavelength.

To reduce this enormous computational cost, the linear equations are asymp-
totically approximated to a Hamilton-Jacobi type equation ;

St + H(x,∇S) = 0

For the wave equation, utt = ∆u and the Schrodinger equation, iψt = ∆ψ +

V ψ, their corresponding Hamiltonians, H(x,p) are |p| and V (x) + |p|2
2
, respec-

tively [Whi74, CLO03]. Since two colliding wave fronts cross ignoring each other,
the wavefront propagation is not the viscosity solution, but the characteristic so-

1



lution of the Hamilton-Jacobi equation. The characteristic solution satis�es the
following ordinary di�erential equation ;

{
ẋ = ∇pH
ṗ = −∇xH

Osher et al suggested a new representation of the wavefront Γ(t) in Rn as the
zero level set of a vector valued function ~φ(t) : Rn × Rn → Rn+1 de�ned in the
phase space Rn×Rn [OCK02]. Since the wavefront moves along the characteristic
curve in the phase space, the level set function ~φ(t) satis�es the Liouville equation
;

~φt +∇pH · ∇x
~φ−∇xH · ∇p

~φ = 0

This representation allows us to track the wave propagation possibly with su-
perpositions or with complicated geometries, just by solving the linear Liouville
equation. Good results of this method have been reported in the simulations of
geometric optics [OCK02], seismic wave [QCO03] and semi-classical Schrodinger
equation [CLO03]. Actually this representation of the wavefront propagation can
be put to a more general setting that will be discussed in the next Section.

1.2 Generalized Level Set Method

The level set method presented by Osher and Sethian [OS88] tracks a moving
interface of codimension one by representing the interface as the level set of a
scalar valued function. Ambrosio and Soner theoretically extended the method
to arbitrary codimension, and still used a scalar valued function to represent an
interface [AS96]. It was pointed out that the representation of a scalar valued
function is numerically unstable for locating isosurface, and the instability was
�xed by employing a vector valued function [BCM99, OCK02].

In this generalized level set method, an isosurface Γ(t) ⊂ Rn of codimension
m is represented as the zero level set of a vector valued function ~φ(t) : Rn → Rm.
If the interface Γ(t) moves with a velocity ~V : Rn → Rn, the method tracks the
interface by solving the following advection equation.

~φt +
(

~V · ∇
)

~φ = 0

This generalized level set method invokes two main computational problems;
how to construct and visualize the level set of ~φ : Rn → Rm, and how to e�ciently
advance the level set function ~φ(t) in high dimension. When the codimension m is
one, these problems are throughly studied under the names of isosurfacing [LC87,
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BK96, BWC00] and local level set method [PMZ99, AS95, Str99b] respectively.
For the higher codimension, we have just begun to see their developments.

The following two chapters introduce uni�ed theories and very e�cient algo-
rithms of isosurfacing and local level set method in high codimension. These two
methods constitutes a computational framework tracking a moving interface in
arbitrary dimension and codimension.

3



CHAPTER 2

Simplicial Isosurfacing

The level set method has been a very successful tool capturing a moving interface.
The �nal step of the method is to construct and visualize the isosurface of a
discrete function φ : {0, · · · , N}n → Rm. There have existed many practical
isosurfacing algorithms when n = 3,m = 1 or n = 2,m = 1. Recently we have
begun to see the development of isosurfacing algorithms for higher dimensions and
codimensions. This paper introduces a unifed theory and an e�cient isosurfacing
algorithm that works in arbitrary number of dimensions and codimensions.

The isosurface Γ of a discrete function φ is de�ned as the isosurface of its
simplicial interpolant φ̂ : [0, N ]n → Rm. With this simplicial de�nition, Γ is
geometrically a piecewise intersection of a simplex and m hyperplanes. Γ is
constructed as the union of simplices. When n = m + 1 or m + 2, Γ is projected
down into R3 and can be visualized. For surface visualizations, a simple formula
is presented calculating the oriented normal vector �eld of the projection of Γ
into R3, which gives light shadings.

2.1 Introduction

The purpose of this paper is to construct and visualize the isosurface of a discrete
function in arbitrary dimension and codimension. A discrete function φ : Zn →
Rm is meant to be a vector valued function de�ned on a uniform grid in Rn,
which is identi�ed as Zn by translation and scaling. Geometric objects such
as curves and surfaces have been successfully represented as the isosurface of
a discrete function. This implicit representation enables us to easily handle a
moving geometric object, because updating a discrete function may have the same
e�ect as moving the geometric object. This is the idea of the level set method
presented by Osher and Sethian in 1989 [OS88]. They approximated an interface
in Rn moving with curvature dependent speed by simply updating a discrete
function φ : Zn → R. In a recent application of the level set method to geometric
optics [OCK02], wave fronts in R3 were lifted into R5 to remove singularities
and represented as the isosurface of φ : Z5 → R3. Ambrosio and Soner [AS96]
extended the theory of the level set method to arbitrary dimension. Based on
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the extended theory, Lorigo and Faugeras et al [LFG00] used the isosurface of
φ : Z3 → R2 on the segmentation of blood vessels. Of all the successful methods
above, the �nal step is to construct and visualize the isosurface of a discrete
function φ : Zn → Zm, which is the purpose of this paper.

Before discussing the construction of the isosurface of a discrete function, we
must give the de�nition of the isosurface. Since a discrete function is de�ned
only on grid points, an interpolation should be given to de�ne the isosurface of
a discrete function as the isosurface of its interpolant. Historically there have
developed two types of interpolations in parallel; one is piecewise interpolation
on cubes and the other is on simplices. Lorenson and Cline in 1987 presented
a cube-based isosurfacing, marching cubes which works in R3 [LC87]. Bhani-
ramka, Wenger and Craw�s extended the marching cubes to arbitrary dimension
[BWC00]. On the other hand, Carneiro, Silva and Kaufman suggested a simplex-
based isosurfacing algorithm, tetra cubes which works in R3 [BK96]. Weigle and
Banks proposed a simplex-based isosurfacing algorithm that works in arbitrary
dimension and codimension [WB96].

The two types of isosurfacing algorithms have very di�erent properties. Sim-
plicial interpolation is naturally de�ned as the unique linear interpolant on a
simplex, but cubic interpolation on a cube is often ambiguous and so is the def-
inition of an isosurface. This is because a cube has 2n vertices, while a simplex
has (n + 1) vertices in Rn. For this reason, Montani and Scorpigno modi�ed the
marching cubes algorithm to remove the ambiguity of cubic interpolation [MSS94]
and Bhaniramka et al in their paper [BWC00] extended their modi�cations to
arbitrary dimension. Given a discrete function on a uniform grid, an isosurfacing
algorithm based on cubic interpolation iteratively applies to each grid cell. But
for a simplicial isosurfacing to be used, each grid cell should be decomposed into
simplices. It is not known yet what is the minimum number of simplices for the
decomposition of a cube [HA96]. Most optimal decomposition algorithms split
a cube into O(n!) simplices [Hai91, Sal82]. So the simplicial isosurfacing should
iterate O(n!) times more than cubic isosurfacings. If we compare programming
complexities, we see that simplicial isosurfacing is much simpler than cubic iso-
surfacings. In R3, 2 types of isosurfaces exist on a 3-simplex, but 14 types on a
3-cube [LC87]. In R4, 2 types of isosurfaces exist on a 4-simplex, but 222 types
on a 4-cube [BWC00]. In Rn,

[
n+1

2

]
types of isosurfaces exist on a n-simplex, but

it is hard even to classify the types of isosurfaces on an n-cube [BWC00].
Weigle and Banks proposed a simplicial isosurfacing algorithm that works

in arbitrary dimension and codimension [WB96]. We followed their framework
to de�ne the isosurface of a discrete function as the isosurface of its simplicial
interpolant. As they pointed out in their paper [WB96], the isosurface Γ of a
discrete function φ : Zn → Rm is then a piecewise intersection of a simplex and
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m hyperplanes. We introduce a new construction algorithm of Γ that numerically
costs O(1) in time and space for each simplex. Our algorithm is explicit, while
that of Weigle and Banks is recursive.

In Section 2.2, the simplicial interpolation algorithm is brie�y reviewed. With
the simplicial de�nition, the isosurface of φ : Zn → Rm is a piecewise intersection
of a simplex and m hyperplanes in Rn. In Section 2.3, we give the triangulation
tables of the intersection of a simplex and a hyperplane. A counting theorem
is stated to prove the optimality of the triangulation tables. From the triangu-
lation tables, an intersection of a simplex and any number of hyperplanes can
be constructed as the union of simplices. In Section 2.4, our main isosurfacing
algorithm is presented. To visualize it, the isosurface in high dimension is often
projected down to R3. In Section 2.5, we discuss a visualization of the projected
isosurface. In Section 2.6, several numerical examples are given. In Section 2.7,
we summarize our algorithms and discuss future work.

2.2 Simplicial Interpolation

We introduce some de�nitions in computational geometry to review the simplicial
interpolation algorithm [AS85, Kuh60]. An a�ne set is a translation of a vector
space. A hyperplane is an (n− 1)-dimensional a�ne set in Rn. A set of points is
called a�nely independent, if it is a translation of a linearly independent set. An
m-simplex is the convex hull of (m + 1) a�nely independent points, which are
called vertices of the m-simplex. An l-simplex is called a face of a m-simplex S,
if its vertices are vertices of S. A triangulation T of D ⊂ Rn is a �nite collection
of m-simplices such that ∪σ∈T σ = D and σ1 ∩ σ2 is empty or a common face of
σ1 and σ2, if σ1, σ2 ∈ T . An a�ne map is the composition of a linear map and
a translation. An n-cube is the direct product of n intervals. A polytope is the
convex hull of a set of �nite points. Two sets are a�nely isomorphic, if there
exists a bijective a�ne map between them.

The simplicial interpolation is an operator ∧ from discrete function space
C(Zn : Rm) to the continuous function space C(Rn : Rm). By a discrete func-
tion φ ∈ C(Zn : Rm), we mean a vector valued function de�ned on a uniform
grid, which is identi�ed with Zn by scaling and translation. To de�ne the sim-
plicial interpolation ∧, an n-cube decomposition algorithm should be given. We
choose the canonical Kuhn triangulation algorithm to decompose an n-cube into
simplices.
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2.2.1 Kuhn Triangulation

Let us de�ne Sn as the set of all permutations of {1, · · · , n}, i.e. bijective maps
from {1, · · · , n} onto {1, · · · , n}. Let us de�ne the standard n-cube C̄ = [0, 1]n.
Given a permutation J ∈ Sn, we de�ne a set C̄J as

C̄J =
{
x ∈ C̄ | 1 ≥ xJ(1) ≥ · · · ≥ xJ(n) ≥ 0

}

Then C̄J is an n-simplex with the following vertices

v̄0 = (0, · · · , 0)
v̄1 = v̄0 + eJ(1)

...
v̄n = v̄n−1 + eJ(n)

ek is the k-th canonical base of Rn. C̄ = ∪J∈SnC̄J , because for any x ∈ C̄,
there is a permutation J such that xJ(1) ≥ · · · ≥ xJ(n). Since |Sn| = n!, C̄ is the
union of n! simplices.

A general n-cube C = [a1, b1]×· · ·×[an, bn] is a�nely isomorphic to C̄ under an
a�ne map f : C̄ → C such that f(x) =

(
x1−a1

b1−a1
, · · · , xn−an

bn−an

)
. The decomposition

C̄ = ∪J∈SnC̄J is preserved to be a decomposition of C under the a�ne map f ;
C = f−1

(
C̄

)
= ∪J∈Snf−1

(
C̄J

)
. Let us denote the set f−1

(
C̄J

)
as CJ . Then CJ

is an n-simplex with the following vertices.
v0 = (a1, · · · , an)
v1 = v0 + (bJ(1) − aJ(1)) · eJ(1)

...
vn = vn−1 + (bJ(n) − aJ(n)) · eJ(n)

Given a uniform grid on Rn, we identify the grid as Zn by translation and
scaling. We de�ne a grid cell Ca = {x ∈ Rn | ai ≤ xi ≤ ai + 1} for each a ∈ Zn,
which is an n-cube. Each grid cell Ca is decomposed into n! simplices Ca

J . Then
we have the following decomposition of Rn into n-simplices;

Rn = ∪a∈ZnCa = ∪a∈Zn ∪J∈Sn Ca
J

Furthermore, a set of n-simplices {Ca
J | a ∈ Zn, J ∈ Sn} is a triangulation of Rn

and called the Kuhn triangulation [AS85].

2.2.2 Interpolation Procedure

Given a discrete function φ : Zn → Rm, its simplicial interpolant φ̂ : Rn →
Rm is piecewise de�ned on each simplex Ca

J in the Kuhn triangulation. In a

7



simplex Ca
J = conv[v0, · · · , vn], φ̂ |Ca

J
is de�ned as the linear interpolant of φ at

{v0, · · · , vn}. With the barycentric coordinates λ = (λ0, · · · , λn) s.t. λi ≥ 0,∀i
and

∑n
i=0 λi = 1, φ̂ is de�ned as

φ̂

(
n∑

i=0

λivi

)
=

n∑
i=0

λiφ(vi)

With the standard coordinates, there is a practical procedure to evaluate φ̂,
as described by Kuhn [Kuh60]. We assume that the uniform grid is Zn. The
following procedure can be applied to a general uniform grid by translation and
scaling. Given x ∈ Rn, a ∈ Zn is de�ned as ai = [xi] ∀i, and y ∈ [0, 1]n as
y = x − a. Let J be a permutation of {1, · · · , n} such that yJ(1) ≥ · · · ≥ yJ(n),
then

φ̂(x) =
(
1− yJ(1)

) · φ (a)
+

(
yJ(1) − yJ(2)

) · φ
(
a + eJ(1)

)
...
+

(
yJ(n−1) − yJ(n)

) · φ
(
a + eJ(1) + · · ·+ eJ(n−1)

)
+

(
yJ(n)

) · φ
(
a + eJ(1) + · · ·+ eJ(n−1) + eJ(n)

)

If φ is scalar valued, ∇φ̂ on the simplex Ca
J is easily calculated as

∇φ̂J(1) = φ(v1)−φ(v0)
bJ(1)−aJ(1)

∇φ̂J(2) = φ(v2)−φ(v1)
bJ(2)−aJ(2)...

∇φ̂J(n) = φ(vn)−φ(vn−1)
bJ(n)−aJ(n)

(2.1)

Now, we show that the simplicial interpolation operator ∧ is an operator from
discrete function space C(Zn : Rm) into continuous function space C(Rn : Rm).

Theorem 2.2.1 φ̂ : Rn → Rm is a continuous function.

Proof φ̂ is continuous on the interior of Ca
J , because it is a polynomial. On Ca

J ∩
Ca′

J ′ , φ̂ has two possible de�nitions φ̂ |Ca
J
and φ̂ |Ca′

J′
. Since {Ca

J} is a triangulation,
Ca

J∩Ca′
J ′ is a common face of Ca

J and Ca′
J ′ . Every face of a simplex is also a simplex

of lower dimension. Since there is only one linear interpolant on a simplex, the
two de�nitions must be the same. ¤

8



Now, we de�ne the isosurface Γ of a discrete function φ : Zn → Rm as the
isosurface of its simplicial interpolant φ̂ : Rn → Rm. We assume that Γ is the
zero isosurface of φ̂ without losing generality. By this simplicial de�nition,

Γ =
{

x ∈ Rn | φ̂(x) = 0
}

= ∪a∈Zn ∪J∈Sn

{
x ∈ Ca

J | φ̂(x) = 0
}

= ∪a∈Zn ∪J∈Sn

[
Ca

J ∩
{

φ̂1 |Ca
J
= 0

}
∩ · · · ∩

{
φ̂m |Ca

J
= 0

}]

Since each component φ̂i of φ̂ is a �rst order polynomial on each Ca
J , the set{

φ̂i |Ca
J
= 0

}
is geometrically a hyperplane, and Γ is a piecewise intersection of

a simplex and m hyperplanes. Γ will be piecewise constructed as the union of
(n−m)-simplices in §4. Before constructing the Γ, the next section introduces a
triangulation algorithm of the intersection of a simplex and a hyperplane.

2.3 Intersection of a Simplex and a Hyperplane

Let an n-simplex S = conv [v1, · · · , vn+1] and a hyperplane H = {x ∈ Rn | ψ(x) = 0}
with a �rst order polynomial ψ : Rn → R be given . Let us �rst assume that H
does not include the vertices of S, i.e. ψ(vi) 6= 0, ∀i. This assumption will be
removed later in this section. Then S ∩H is a polytope with vertices vij, where

vij + ψ(vi)

ψ(vi)− ψ(vj)
· vj − ψ(vj)

ψ(vi)− ψ(vj)
· vi, if ψ(vi) < 0, ψ(vj) > 0 (2.2)

vij is the interpolation point between vi and vj such that ψ(vij) = 0. The
intersection S∩H is said to be type (p, q), if ψ(vi) < 0 for p vertices and ψ(vj) > 0
for q vertices. It is worth noting that all sections of the same type are isomorphic
to each other [Som58]. Hence a triangulation of one speci�c intersection of type
(p, q) can be applied to the triangulation of any intersection of type (p, q). An
intersection of type (p, q) is naturally isomorphic to an intersection of type (q, p),
because {ψ = 0} = {−ψ = 0}. Since H is assumed not to pass through any
vertex of S, p + q = n + 1 and there exist

[
n+1

2

]
types of intersection between S

and H.
In this section, triangulation tables of the intersection are presented up to

dimension �ve. Triangulation tables of two and three dimensions are easily gen-
erated by the following Figures 2.1 and 2.2. Triangulation tables of four and
�ve dimensions are generated by applying the Delaunay triangulation [Zie95] to
a speci�c section of each type. Higher dimensional tables can be also generated
in such a way. In the Tables 2.1, 2.2, 2.3 and 2.4, v1, · · · , vn+1 are the vertices of

9



Figure 2.1: Intersection of a 2-simplex and a hyperplane

v1 v2 v3 w1 w2

− − + v13 v23

Table 2.1: A triangulation of the intersection of a 2-simplex and a hyperplane

a simplex S and w1, · · · , wn are the vertices of a simplex in the triangulation of
the intersection of S and a hyperplane H.

We show that the preceding tables are optimal in a sense that the number of
simplices in each triangulation can not be reduced. First we quote a theorem in
Haiman's paper [Hai91], then our statement follows as a corollary.

Theorem 2.3.1 Let ∆k be a k-simplex and ∆l a l-simplex. Every triangulation
of ∆k ×∆l uses exactly (k+l)!

k!l!
simplices.

Proof Since every k-simplex is a�nely isomorphic to any other, let us pick the
standard k-simplex with vertices e1, e2, · · · , ek+1 ∈ Rk+1. Every simplex of a tri-
angulation of ∆k ×∆l has the volume 1

k!l!
. Since the volume of ∆k ×∆l is 1

(k+l)!
,

every triangulation of ∆k×∆l uses exactly (k+l)!
k!l!

simplices. see [Hai91] for details.
¤

Figure 2.2: Intersections of a 3-simplex and a hyperplane
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v1 v2 v3 v4 w1 w2 w3

− − − + v14 v24 v34

− − + + v13 v23 v14

v14 v23 v24

Table 2.2: A triangulation of the intersection of a 3-simplex and a hyperplane

v1 v2 v3 v4 v5 w1 w2 w3 w4

− − − − + v15 v25 v35 v45

− − − + + v14 v15 v34 v24

v15 v24 v25 v34

v15 v25 v35 v34

Table 2.3: A triangulation of the intersection of a 4-simplex and a hyperplane

v1 v2 v3 v4 v5 v6 w1 w2 w3 w4 w5

− − − − − + v16 v26 v36 v56 v46

− − − − + + v15 v16 v25 v45 v35

v16 v25 v26 v35 v45

v16 v26 v35 v45 v36

v16 v26 v36 v45 v46

− − − + + + v14 v15 v16 v36 v25

v14 v15 v25 v36 v35

v14 v16 v25 v26 v36

v14 v24 v25 v34 v26

v14 v25 v26 v36 v34

v14 v25 v34 v36 v35

Table 2.4: A triangulation of the intersection of a 5-simplex and a hyperplane

11



Corollary 2.3.2 Every triangulation of (p, q)-type section uses exactly (p+q−2)!
(p−1)!(q−1)!

simplices.

Proof Since all sections of the same type are isomorphic to each other, we can
choose a speci�c section of (p, q)-type. Let a simplex S = conv [v1, · · · , vp+q] and
a hyperplane H = {ψ(x) = 0} be given such that

ψ(v1) = · · · = ψ(vp) = −1
ψ(vp+1) = · · · = ψ(vp+q) = 1

With the barycentric coordinates x (λ1, · · · , λp+q) =
∑p+q

k=1 λkvk,

ψ (x(λ)) = ψ
(∑p+q

k=1 λkvk

)
=

∑p+q
k=1 λkψ(vk)

=
∑p+q

j=p+1 λj −
∑p

i=1 λi

H,S, and H ∩S are algebraically expressed with the barycentric coordinates.

x(λ) ∈ H ⇔ ∑p
i=1 λi =

∑p+q
j=p+1 λj

x(λ) ∈ S ⇔ ∑p+q
k=1 λk = 1, λk ≥ 0

x(λ) ∈ S ∩H ⇔ ∑p
i=1 λi =

∑p+q
i=p+1 λj = 1

2
, λi, λj ≥ 0

Since coordinates λi and λj are decoupled in the expression of S ∩H,

S ∩H ' {
(λ1, · · · , λp) |

∑p
i=1 λi = 1

2
, λi ≥ 0

}

×
{

(λp+1, · · · , λp+q) |
∑p+q

j=p+1 λj = 1
2
, λj ≥ 0

}

Hence S ∩ H is isomorphic to ∆p−1 × ∆q−1. By the theorem above, every
triangulation of S ∩H should use (p+q−2)!

(p−1)!(q−1)!
simplices.¤

By the triangulation tables, we can construct the intersection of an n-simplex
and a hyperplane as the union of (n−1)-simplices. Here is the construction proce-
dure. Given an n-simplex S = conv [v1, · · · , vn+1] and a hyperplane H = {ψ = 0},
signums of ψ(v1), · · · , ψ(vn+1) are counted. If there are more positive signums
than negative, ψ is inverted ; ψ = −ψ. Let p be the number of negative
signums and q be the number of positive, then S ∩ H is an intersection of
type (p, q). The vertices of S are reordered such that ψ(v1), · · · , ψ(vp) < 0
and ψ(vp+1), · · · , ψ(vn+1) > 0. Interpolation points vij (2.2) are calculated for
i = 1, · · · , p and j = p + 1, · · · , n + 1. Referencing the triangulation table of
(p, q)-type, S ∩ H is constructed as the union of some simplices of one lower
dimension.

S ∩H = S1 ∪ · · · ∪ Sl (2.3)

12



Numerically only vertices of simplices are stored. We note that this trian-
gulation procedure is numerically �nite in space and time, because the number
of simplices is bounded by the tables. Also the procedure is numerically stable,
since the only numerical calculation is to interpolate inner points vij(2.2) be-
tween vi and vj. Practically if H passes through a vertex vi of S, we perturb ψ
by ψ(vi) = ε, where 0 < ε ¿ 1.

2.4 Isosurfacing

We de�ne the isosurface Γ of a discrete function φ : Zn → Rm as the isosurface
of its simplicial interpolant φ̂ : Rn → Rm. We may assume that Γ is the zero
isosurface of φ̂ without losing generality. By this simplicial de�nition,

Γ =
{

x ∈ Rn | φ̂(x) = 0
}

= ∪a∈Zn ∪J∈Sn

{
x ∈ Ca

J | φ̂(x) = 0
}

= ∪a∈Zn ∪J∈Sn

[
Ca

J ∩
{

φ̂1 |Ca
J
= 0

}
∩ · · · ∩

{
φ̂m |Ca

J
= 0

}]

Since each component φ̂i : Rn → R of φ̂ is a �rst order polynomial on each
simplex Ca

J , the set
{

φ̂i |Ca
J
= 0

}
is geometrically a hyperplane, and Γ is the

intersection of a simplex and m hyperplanes. In §3, an algorithm was presented to
construct the intersection of a simplex and a hyperplane as the union of simplices
of one lower dimension. Weigle and Banks pointed out that the intersection of a
simplex and several hyperplanes can be constructed as the union of simplices by
successively applying the algorithm [WB96]. On a simplex Ca

J , let us say H1 ={
φ̂1 |Ca

J
= 0

}
,· · · , Hm =

{
φ̂m |Ca

J
= 0

}
. Then Ca

J ∩H1 ∩ · · · ∩Hm is constructed
by the following procedure.

Ca
J ∩H1 = ∪n1

j=1S
1,j

Ca
J ∩H1 ∩H2 = ∪n1

j=1 [S1,j ∩H2] = ∪n2
j=1S

2,j

...
Ca

J ∩H1 ∩ · · · ∩Hm = ∪nm−1

j=1 [Sm−1,j ∩Hm] = ∪nm
j=1S

m,j

We get a set of (n − m)-simplices, Ta,J = {Sm,j | j = 1, · · · , nm} such that
Ca

J ∩ Γ = Ca
J ∩H1 ∩ · · · ∩Hm = ∪σ∈Ta,J

σ. We note that it is numerically �nite
in time and space to construct the set Ta,J . For example, the intersection of a 5-
simplex and 3 hyperplanes is constructed as the union of up to 6×3×2 number of
2-simplices, where 6, 3, 2 are maximum number of simplices in the triangulation
tables of 5, 4, 3 dimensions. That means n1 ≤ 6, n2 ≤ 6× 3, and n3 ≤ 6× 3× 2.

13



Iterating all the simplices Ca
J in the Kuhn triangulation, Γ is constructed as

the union of (n−m)-simplices;

Γ = ∪a∈Zn ∪J∈Sn [Γ ∩ Ca
J ]

= ∪a∈Zn ∪J∈Sn ∪σ∈Ta,J
σ

(2.4)

2.5 Visualization

In Section 2.4, an algorithm was introduced to construct the isosurface Γ of a
discrete function φ : Zn → Rm for any dimension n and any codimension m.
Γ is an (n − m)-dimensional manifold in its smooth region. To visualize it, Γ
is often projected down into R3 under a projection map P : Rn → R3. Since a
projection is an a�ne map, it maps a simplex to a simplex. From the isosurfacing
algorithm(2.4), P (Γ) is the union of projected (n−m)-simplices;

P (Γ) = ∪a∈Zn ∪J∈Sn ∪σ∈Ta,J
P (σ) (2.5)

When n = m + 1 or m + 2, P (Γ) is the union of line segments or triangles,
which can be visualized by usual graphic libraries such as OpenGL. But, for a
surface visualization in R3, the normal vector �eld is needed for shadowings. Now
we present a simple formula calculating the normal vector �eld of P (Γ).

In a general framework, let P : Rn → Rn−m+2 be a projection such that
P (x1, · · · , xn) = (x1, · · · , xn−m+2). In Rn, ∇φ̂1, · · · ,∇φ̂m form the normal vector
space of Γ in smooth region. Let us de�ne a vector �eld ~n : Rn → Rn as

~n =

∣∣∣∣∣∣∣

∇φ̂1 ∇φ̂1 · en−m+2 · · · ∇φ̂1 · en
... ... ...

∇φ̂m ∇φ̂m · en−m+2 · · · ∇φ̂m · en

∣∣∣∣∣∣∣
(2.6)

∇φ̂j is calculated by the divided di�erence formula (2.1) and the determinant
is expanded with cofactors.

~n = ∇φ̂1 ·

∣∣∣∣∣∣∣

∇φ̂2 · en−m+2 · · · ∇φ̂2 · en
... ...

∇φ̂m · en−m+2 · · · ∇φ̂m · en

∣∣∣∣∣∣∣
...

+(−1)m ∇φ̂m ·

∣∣∣∣∣∣∣

∇φ̂1 · en−m+2 · · · ∇φ̂1 · en
... ...

∇φ̂m−1 · en−m+2 · · · ∇φ̂m−1 · en

∣∣∣∣∣∣∣
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Since ~n is a linear combination of ∇φ̂1, · · · ,∇φ̂m, it is a normal vector �eld of
Γ. By the property of determinant, ~n · ej = 0 if j = n −m + 2, · · · , n. Given a
tangential vector T of Γ at x ∈ Γ, 0 = ~n(x) ·T = ~n(x) ·P (T ). Since the projection
π is surjective, it is also surjective in tangential vector space. Therefore ~n is
orthogonal to any tangent vector of π(Γ) and it is the normal vector �eld of P (Γ)
in Rn−m+1. For example, when φ : Z5 → R3 and P : R5 → R3, the normal vector
~n is given by

~n = ∇φ̂1

((
∇φ̂2 · e4

)(
∇φ̂3 · e5

)
−

(
∇φ̂3 · e4

)(
∇φ̂2 · e5

))

− ∇φ̂2

((
∇φ̂1 · e4

)(
∇φ̂3 · e5

)
−

(
∇φ̂3 · e4

)(
∇φ̂1 · e5

))

+ ∇φ̂3

((
∇φ̂1 · e4

)(
∇φ̂2 · e5

)
−

(
∇φ̂2 · e4

)(
∇φ̂1 · e5

))

2.6 Numerical Examples

Every example was implemented in C++ and run on a PC with 2.2GHz CPU and
512MB memory. All isosurfaces were constructed by the isosurfacing algorithm
in Section 2.4. 1-simplices or 2-simplices in the construction were visualized by
the OpenGL graphic library. For 2-simplices, the normal vector �eld in Section
2.5 was used for shadowing.

2.6.1 A Singularity Resolves in R2

Let a curve Γ ⊂ R2 be given by r = 1 + sin(7θ) in the polar coordinates. Γ is a
7-leafed curve and singular at the origin, where 14 curves meet. In this case, we
can resolve the singularity by adding a phase variable θ, as describe by Osher et
al [OCK02] and Engquist et al [ERT02]. With a new coordinate system (x, y, θ),
we de�ne Γ′ ⊂ R3 as the solution of the following equations

{
x = (1 + sin(7θ)) · cos(θ)
y = (1 + sin(7θ)) · sin(θ)

Then Γ = π(Γ′), where π(x, y, θ) = (x, y). In this example, Γ and Γ′ are
approximated as the isosurfaces of discrete functions ψ : {1, · · · , 128}2 → R and
φ : {1, · · · , 128}3 → R2 respectively, where ai = −1 + 2 · i

128
, θk = 2π · k

128
and

ψ(i, j) =
√

a2
i + a2

j − 1− sin

(
7 · tan−1

(
aj

ai

))

φ(i, j, k) =

(
ai − (1 + sin(7θk)) · cos(θk)
aj − (1 + sin(7θk)) · sin(θk)

)
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`

Figure 2.3: Approximation of the singular curve Γ ⊂ R2

Figure 2.4: Approximations of the nonsingular curve Γ′ ⊂ R3 and π(Γ′) ⊂ R2

2.6.2 A Singularity Resolves in R3

Let a surface Γ ⊂ R3 be given by r(θ, ϕ) = 1+cos(2ϕ) in the spherical coordinates
(r, θ, ϕ). Γ is a surface of revolution obtained by rotating 2-leaf curve around the
z-axis and it is singular at the origin. In this case, we can resolve the singularity
by adding phase variables θ and ϕ, as describe by Osher et al [OCK02]. This
resolution is a direct generalization of the technique used in section 2.6.1. With
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a new coordinate system (x, y, z, θ, ϕ), we de�ne Γ′ ⊂ R5 as the solution of
equations 




x = (1 + cos (2ϕ)) · cos (θ) · sin (ϕ)
y = (1 + cos (2ϕ)) · sin (θ) · sin (ϕ)
z = (1 + cos (2ϕ)) · cos (ϕ)

Then Γ = π(Γ′), where π(x, y, z, θ, ϕ) = (x, y, z). In this example, Γ and Γ′ are
approximated as the isosurfaces of discrete functions ψ : {1, · · · , 32}3 → R and
φ : {1, · · · , 32}5 → R2 respectively, where ai = −2+ 4

32
i, θm = 2π · m

32
, ϕn = π · n

32

and
ψ(i, j, k) =

√
a2

i + a2
j + a2

k − 1− cos

(
2 tan−1

(
aj

ai

))

φ(i, j, k, m, n) =




ai − (1 + cos (2ϕn)) · cos (θm) · sin (ϕn)
aj − (1 + cos (2ϕn)) · sin (θm) · sin (ϕn)
ak − (1 + cos (2ϕn)) · cos (ϕn)




Figure 2.5: Approximations of Γ ⊂ R3 and π(Γ′) ⊂ R3

2.6.3 Algebraic Curves in C2

Let an algebraic curve Γ ⊂ C2 is de�ned by {(z1, z2) ∈ C2 | f(z1, z2) = 0} where
f : C2 → C is a polynomial. In their paper [WB96], Weigle and Banks pointed
out that Γ can be represented by the isosurface of f̄ : R4 → R2, where

f̄(x, y, p, q) =

(
Re [f(x + iy, p + iq)]
Im [f(x + iy, p + iq)]

)
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In this example, f is chosen as f(z1, z2) = z2
1 + z2

2 − 1 and Γ ⊂ R4 is approxi-
mated as the isosurface of a sampled discrete function from f̄ in 324 uniform grid.
The approximation of Γ ⊂ R4 is then projected down into (x, y, p) and (x, y, q)
coordinates.

Figure 2.6: Projections of an algebraic curve in C2

2.7 Conclusion

We have presented an isosurfacing algorithm that works in an arbitrary number
of dimensions and codimensions. For a discrete function φ : {0, · · · , N}n → Rm,
the isosurface Γ of φ is de�ned as the isosurface of its simplicial interpolant
φ̂ : [0, · · · , N ]n → Rm. Geometrically Γ is a piecewise intersection of a simplex
and m hyperplanes. Triangulation tables are given of the intersection of a simplex
and a hyperplane. A counting theorem was stated to prove the optimality of the
tables. Referencing the tables, Γ is constructed as the union of simplices. The
construction costs O(1) for each grid cell.

When n = m + 1 or m + 2, Γ ⊂ Rn is projected down into R3 and can be
visualized. A simple formula is introduced calculating the normal vector �eld of
the projected surface, when n = m + 2.
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CHAPTER 3

Local Level Set Method

A new method is presented for numerically capturing a moving interface of ar-
bitrary dimension and codimension. The method is named the 'local level set
method ', since it localizes the level set method near the interface to signi�cantly
reduce the computational expense of the level set method.

Following the framework of the level set method, an interface is implicitly
represented as the zero level set of a vector valued function. A spatial tree
structure is used to locally sample the vector valued function near the interface.
Using a Lipschitz stable interpolation and a semi-Lagrangian scheme, our method
is stable under both the maximum norm and the Lipschitz semi norm. Due to
this stability, the method does not need to reinitialize a level set function. Several
numerical examples with high codimension are successfully tested.

3.1 Introduction

The level set method in [OS88] has been a successful tool for simulating a moving
interface of codimension one, because of its simplicity and e�ciency. Its successful
applications include multiphase �ows [SSO94, FAX99], surface reconstructions
[ZOF01, ZOM00], and image processing [ROF92, CV01]. One drawback of the
level set method is its high computational expense because it expands the domain
of computation from the interface to a grid in one higher dimension. To reduce
the cost, two main approaches have been employed. One approach is to restrict
the domain of a uniform grid near the interface [PMZ99, AS95]. The other
approach uses a multi-resolution grid to enable high resolution only near the
interface using a spatial tree structure, a so called quadtree in R2 and an octree
in R3 [Str99b, DMR01].

The level set method of codimension one [OS88] was theoretically extended to
simulate a moving interface of arbitrary codimension [AS96], where an interface is
implicitly represented as the zero level set of a scalar valued function, and applied
e.g., to a medical active contouring of codimension two [LFG00]. However, the
theoretical extension to higher codimension is unstable for locating isosurfaces.
The instability was �xed in [BCM99] by representing the isosurface as the zero
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level set of a vector valued function, and successfully applied to a moving curve
in R3 with geometry dependent speed [BCM99] and recently to capturing a one
dimensional wavefronts in R3 and two dimensional wavefronts in R5 [OCK02].

A drawback of the level set method in high codimension is its ine�ciency by
its expanding the domain of computation from the interface to a grid in higher
dimension. It is the purpose of this paper to introduce a numerical method
overcoming this drawback, while keeping the simplicity and versatility of the level
set method. Our method originates from [Str99b] in using a spatial tree structure
and a semi-Lagrangian scheme, and is a generalization of [Str99b], because it can
deal with a moving interface of arbitrary codimension and does not require the
reinitialization procedure every step.

The key concept of our method is to put more grid points near the interface
and less grid points away from the interface, and implemented by using a tree
structure that enables a multi-resolution grid. A grid cell keeps being split if it
is near to the interface. The splitting condition can be easily formulated using
the Lipschitz constant of the level set function and the magnitude of the function
values, as shown in [TCO03, Str99b]. Another key concept is to make all the
building blocks in our method Lipschitz stable, because the sampling process in
our method heavily relies on the Lipschitz constant of a vector valued function.

A sampling algorithm is presented in Section 3.2 that adaptively samples a
vector valued function. In Section 3.3, an interpolation algorithm reconstructs a
Lipschitz continuous function from the sampled function. In Section 3.4, an evo-
lution algorithm of a level set function is introduced that is Godunov-type, i.e.,
a combination of the sampling algorithm in Section 3.2, a approximate solution
operator, and the interpolation algorithm in Section 3.3. A practical implemen-
tation of our method is given in Section 3.5. Our method is tested with several
examples in Section 3.6.

3.2 Adaptive Sampling

Let a vector valued function ~φ : Rd → Rc be given with its level set Γ ⊂ Rd.
Since the level set method eventually deals with Γ, not with ~φ, it is desirable to
adopt a multi-resolution grid to enable a �ne grid near Γ and a coarse grid away
from Γ. For this purpose, we employ a spatial tree structure, called a Quadtree
in R2 and a Octree in R3, which has been a very successful tool in many areas in
which multi-resolution is needed [Sam90b, Sam90a].

If the interface Γ(t) ⊂ Rd moves with velocity ~V : Rd → Rd, the level set
method implicitly tracks the interface as the zero level set of ~φ(t) : Rd → Rc by
solving a convection equation;
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Figure 3.1: Nested grids in R2

Figure 3.2: Center points of a unit cube

~φt +
(

~V · ∇
)

~φ = 0

Since the solution of this equation stays Lipschitz continuous if the initial
data is, it is valid to assume that ~φ : Rd → Rc is Lipschitz continuous, that is

Lip(~φ) := sup
x 6=y∈Rd

∥∥∥~φ(x)− ~φ(y)
∥∥∥
∞

‖x− y‖2

< ∞

Let a hierarchical grid
{
Gl

}
l=0,··· ,lmax

be given in Rd such that Gl has 2l·d

number of grid cells of equal size, and Gl+1 is a re�nement of Gl. Figure 3.1
illustrates a nested grid in R2. Given a grid cell C ∈ Gl, let us denote its
parent cell in Gl−1 by prnt(C), the set of its children in Gl+1 by children(C),
its size by size(C), and the set of the center points of all the faces of C by
centers(C). For a grid cell C =

∏
i=1,··· ,d[ai, bi], centers (C) =

∏
i

{
ai,

ai+bi

2
, bi

}

and size(C) =
√∑

i(bi − ai)2. Figure 3.2 illustrates the set of center points of a
unit cube [0, 1]d when d = 1, 2, 3.

In the hierarchical grid
{
Gl

}
l=0,··· ,lmax

, we need to determine which cells are

21



to be sampled. One rule of the determination is to guarantee that a parent cell is
sampled whenever its child is sampled. This rule implies that there is always an
hierarchical chain of grid cells from the root cell G0 to a sampled cell, and make
the domain D form a tree structure, which allows fast access to its elements.
The other rule is to ensure high resolution of sampling near the interface Γ and
low resolution away from Γ. Satisfying these two rules, a very useful sampling
algorithm, known as Whitney decompositions, appeared in [Str99b] such that
�recursively split and sample any cell whose edge length exceeds its minimum
distance to Γ�.

For a general Lipschitz continuous function ~φ : Rd → Rc, the Whitney de-
compositions can be generalized as

Recursively split and sample any cell satisfying η.

The splitting condition η is given by

η(C) : min
v∈centers(C)

∥∥∥~φ(v)
∥∥∥
∞
≤ Lip

(
~φ
)
· size(C)

4

Algorithm 1 is a concrete formulation of our adaptive sampling algorithm.
The algorithm starts with the root grid cell G0, and recursively constructs a
subdivision S = {Ci} of G0.

Algorithm 1 subdivision of G0 according to ~φ : Rd → Rc

Input: G0 and ~φ : Rd → Rc

1. C = G0 and S = Ø
2. S = S ∪ {C}
3. if C /∈ Glmax and η(C) is true
4. S = S − {C}
5. for all C ′ ∈ children(C)
6. go to 2 with C = C ′

Output: S

From the subdivision S = {Ci} of the root cell G0, a set D ⊂ Rd is de�ned as

D = ∪icenters(Ci)

A sampled function R~φ of ~φ is accordingly de�ned as a restriction of ~φ : Rd → Rc

to D, i.e. R~φ + ~φ |D: D → Rc. The following is a proposition explaining the
properties of the sampling algorithm.
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Proposition 3.2.1 every grid cell intersecting Γ is contained in the subdivision
S.

Proof Given a grid cell C such that C ∩Γ 6= Ø, let w ∈ C ∩Γ. Then there exist
a v ∈ centers(C) such that ‖v − w‖2 ≤ size(C)

4
, since the maximum distance in a

cube is its diagonal size. Then,
∥∥∥~φ(v)

∥∥∥
∞

=
∥∥∥~φ(v)− ~φ(w)

∥∥∥
∞

≤ Lip(~φ) · ‖v − w‖2

≤ Lip(~φ) · size(C)
4

Therefore η(C) is true. Since C ⊂ prnt(C), prnt(C)∩ Γ 6= Ø and η (prnt(C))
is true. Also every ancestor of C satis�es the splitting condition η. Since the
algorithm 1 recursively constructs from an ancestor to its successor satisfying η,
C is included in the subdivision S. ¤

By the above Proposition, the highest resolution is guaranteed near Γ. If every
component φi of ~φ is a signed distance function to its zero level set

{
x ∈ Rd | φi(x) = 0

}
,

then the splitting condition is equivalent to a statement that the distance from C
to Γ is smaller than one fourth of the size of C. Therefore the memory size in a
grid Gl is about the order of Γ which is (d− c) dimensional. Let N := 2lmax , then∣∣D ∩Gl

∣∣ = O(Nd−c) for 0 ≤ l ≤ lmax. Combining all grids from l = 0, · · · , lmax,
the total memory size, |D| will be O(Nd−c · log(N)). Compared to the mem-
ory size O(Nd) of the uniform sampling, algorithm 1 signi�cantly saves memory,
while maintaining its highest resolution near the interfaces by Proposition 3.2.1.

3.3 Interpolation

In Section 3.2, we discussed a sampling procedure from continuous functions to
discrete functions. Here we discuss the reverse, an interpolation procedure from
discrete to continuous. On a uniformly sampled function, piecewise polynomial
interpolation has been one of the best ways to achieve both accuracy and e�-
ciency. However its direct use on a multi-resolution grid would lead to Lipschitz
instability. Figure 3.3 shows a case where the piecewise multi-linear interpolation
invokes a Lipschitz instability on a multi-resolution grid in R2.
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Figure 3.3: The piecewise multi-linear interpolation invokes discontinuity at P .
The interpolation values at P from grid cells A and B are 1 and 0 respectively.

In Section 3.4, we shall introduce a semi-Lagrangian scheme that is a combina-
tion of the adaptive sampling in Section 3.2, approximate solution operator, and
the interpolation in this Section. The whole scheme needs to be Lipschitz stable.
For this purpose, we present a Lipschitz stable interpolation on a multi-resolution
grid.

3.3.1 Triangulation

Let ~ψ : D → Rc be an adaptively sampled function with a subdivision S = {Ci}
of G0 generated by Algorithm 1. To enable a Lipschitz stable interpolation of ~ψ,
the subdivision S needs to be re�ned into a triangulation. For this purpose, we
employ a well-known re�ning algorithm, pulling [Lee97]. A pulling of a point P
on a subdivision S = {Ci} of G0 results in a subdivision T of G0 that is obtained
by modifying each element of S as follows,

{
P /∈ Ci thenCi ∈ T
P ∈ Ci then for every facetF ofCi not containing P , conv(P, F ) ∈ T

Let us give the center points of every k-dimensional face of Ci the label k,
0 ≤ k ≤ d. By sequentially pulling all the center points in order of non-increasing
label, the cubic subdivision {Ci} is re�ned to a triangulation, T = {Sj}, which
is a general triangulation procedure known as a complete barycentric subdivision
[Lee97, Bay88]. Figure 3.4 shows a cases in R2. Since the domain D is the union
of all center points of each Ci, T = {Sj} is a triangulation of the root cell G0with
vertices in D.
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Figure 3.4: Triangulation of a cubic subdivision by pullings in R2

3.3.2 Simplicial Interpolation

In Section 3.3.1, the domain of ~ψ : D → Rc was triangulated into simplices
{Tj}. Based on this triangulation, we de�ne an interpolation, or a prolongation
P ~ψ : Rd → Rc as follows,

P ~ψ(x) =

{
P ~ψ |Tj

(x) , x ∈ Tj

P ~ψ(x∗) , x 6= G0

Here x∗ denotes the nearest-point projection of x into G0, i.e., the nearest
point in G0 to x, which is well de�ned since G0 is convex. Figure 3.5 shows some
cases of projections in R2. P ~ψ |Tj

is de�ned as the unique linear interpolant of
~ψ on the simplex Tj. The interpolation P is Lipschitz stable by the following
proposition.

Here we de�ne the Lipschitz constant of a discrete function ~ψ : D → Rc as

Lip(~ψ) = max
x 6=y∈D

∥∥∥~ψ(x)− ~ψ(y)
∥∥∥
∞

‖x− y‖2
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Figure 3.5: Projection of x outside into x∗ inside the domain

Proposition 3.3.1 The interpolation P is Lipschitz stable, such that Lip(P ~ψ) =

Lip(~ψ)

Proof Since P ~ψ is a linear interpolant on each simplex Tj, Lip
(
P ~ψ |Tj

)
=

Lip
(

~ψ |Tj

)
≤ Lip(~ψ). On Tj ∩ Tj′ , P ~ψ has two possible de�nitions P ~ψ |Tj

and
P ~ψ |Tj′ . Because {Tj} is a triangulation, Tj ∩ Tj′ is also a simplex. Since there
exits only one linear interpolant on a simplex, the two de�nitions must be the
same. Therefore P ~ψ is continuous on G0. Since Lip

(
P ~ψ |Tj

)
≤ Lip(~ψ) and P ~ψ

is continuous on G0,
Lip

(
P ~ψ |G0

)
≤ Lip(~ψ)

For any x, y ∈ Rd, ‖x∗ − y∗‖2 ≤ ‖x− y‖2. Therefore,

∥∥∥P ~ψ(x)− P ~ψ(y)
∥∥∥
∞

=
∥∥∥P ~ψ(x∗)− P ~ψ(y∗)

∥∥∥
∞
≤ Lip

(
P ~ψ |G0

)
· ‖x− y‖2

So, Lip(P ~ψ) ≤ Lip(~ψ). Since the domain of ~ψ is a subset of the domain of
P ~ψ, Lip(P ~ψ) = Lip(~ψ).¤

3.4 Evolution

In this Section, we present an algorithm numerically capturing an interface in
high dimension and codimension. Let us assume that an interface Γ ⊂ Rd of
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codimension c is moving with velocity ~V : Rd → Rd. It can be implicitly repre-
sented as the zero level set of ~φ(x, t) : Rd × R+ → Rc, where each component of
the ~φ satis�es the so-called level set equation

∂

∂t
φi + ~V · ∇φi = 0

for i = 1, . . . , c. In a uniform grid, the level set equation is usually dis-
cretized with higher order accurate ENO or WENO schemes in space and the
Runge-Kutta methods in time [HEO87, LOC96], but in a multi-resolution grid,
neighboring points may not exist, which makes it hard to apply conventional �nite
di�erence schemes. Because of that, a semi-Lagrangian scheme has been used for
discretizing the level set equation on a multi-resolution grid when the codimen-
sion is one [Str99b]. We extend the techniques of [Str99b] to higher dimension
and codimension.

Given ~φn : Dn → Rc, the next level set function ~φn+1 : Dn+1 → Rc is de�ned
as

~φn+1 = (R ◦ S◦P)~φn

Here, P is the interpolation operator in Section 3.3, S is an approximate
solution operator, and R is the adaptive sampling operator in Section 3.2. Via
the characteristic curve of the level set equation, S is equivalent to an ODE solver
to the backward characteristic ODE, ẋ = −~V (x, t). We choose the Euler scheme
for an ODE solver, S, then we have

(SP~φn)(x) = (P~φn)(x−∆t~V (x, tn))

To adaptively sample ~φn+1 from SP~φn : Rd → Rm, we need an estimate on
the Lipschitz constant of SP~φn, which is given in the following proposition.

Proposition 3.4.1

Lip(SP~φn) ≤ Lip(~φn) ·
(

1 + ∆t · sup
x∈Rd

∥∥∥∇~V (x, tn)
∥∥∥

2

)

Proof By the de�nitions of S and P ,
∥∥∥SP~φn(x)− SP~φn(y)

∥∥∥
∞

=
∥∥∥P ~φn

(
x−∆t~V (x, tn)

)
− P ~φn

(
y −∆t~V (y, tn)

)∥∥∥
∞

≤ Lip
(
P ~φn

)
·
∥∥∥x− y + ∆t

(
~V (x, tn)− ~V (y, tn)

)∥∥∥
2

≤ Lip
(
~φn

)
·
(
‖x− y‖2 + ∆t ·

∥∥∥~V (x, tn)− ~V (y, tn)
∥∥∥

2

)

27



Applying the mean value theorem to the vector valued function ~V , we have
∥∥∥~V (x, tn)− ~V (y, tn)

∥∥∥
2
≤ sup

z∈Rd

∥∥∥∇~V (z, tn)
∥∥∥

2
· ‖x− y‖2

Here,∇~V denotes the deformation matrix of ~V , and
∥∥∥∇~V

∥∥∥
2
is the matrix 2−norm

that is the maximal singular value of the matrix ∇~V . The proposition follows
from these two inequalities. ¤

3.5 Implementation

We discuss an implementation of our method that consists of an adaptive sam-
pling in Section 3.2, a Lipschitz stable interpolation in Section 3.3, and an evo-
lution algorithm in Section 3.4. Since the evolution is a combination of sampling
and interpolation, it is enough to discuss implementations of sampling and inter-
polation.

3.5.1 Implementation of Sampling

Since the sampling algorithm 1 recursively subdivides the coarsest cube G0 ∈
Rd, a 2d branched tree is a natural choice for the data structure of the sam-
pling. Possible implementations of this tree structure are thoroughly discussed in
[Sam90b, Sam90a]. Among them, region based trees and matrix based trees are
the most appropriate for our purpose. The region based tree is fast for interpo-
lation but requires more memory for construction, while the matrix based tree
is slow for interpolation but requires less memory for construction. Each point
in a region based tree may be multiply de�ned, possibly 2d times, so it is hard
to modify the tree, but, each point in matrix-based tree is singly de�ned, so it
becomes easy to modify. Our algorithms, which consists of sampling and interpo-
lation, do not need any modi�cation, but only need new creations of adaptively
sampled functions. For these reasons, we take a region-based tree as a choice of
the tree implementation.

Unlike the uniform sampling, we can not predict the memory size of the
adaptive sampling before doing it. Therefore the programming languages with
dynamic memory allocations are preferred, such as C++ or Java. We have chosen
C++ for better performance. An implementation of region-based tree is given
in the following, when the adaptive sampling is performed to a vector valued
function ~φ : Rd → Rc with d = 5 and c = 3.

struct Node {
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int i1,i2,i3,i4,i5;
int size;

};

struct Leaf : public Node {
float vs1[3][3][3][3][3];
float vs2[3][3][3][3][3];
float vs3[3][3][3][3][3];

};

struct Branch : public Node {
Node* children[2][2][2][2][2];

};

The quantity node represents a cube,
{
x ∈ Rd | ij ≤ xj ≤ ij + size, j = 1, · · · , d

}
,

and has two possible types, Leaf and Branch. If a node does need to be split, it
takes a type of Branch that has 2d number of children. If not, it takes a type of
Leaf, and its center points are sampled and stored. Since centers(C) = [0, 1

2
, 1]d

for a cube C = [0, 1]d, it would sample 3d · c number of center points for each leaf.

3.5.2 Barycentric Interpolation on a Cube

Any cube C ⊂ Rd is a�nely isomorphic to [−1, 1]d under translations and scal-
ings. So, we need only to discuss an interpolation on [−1, 1]d, and the general
case will follow by the a�ne isomorphism. Since centers([−1, 1]d) = {−1, 0, 1}d,
let us assume a function ~ψ : {−1, 0, 1}d → Rc.

Although the barycentric interpolation is de�ned as a piecewise linear inter-
polant on the triangulation of the domain in Section 3.3, we do not explicitly
triangulate a cube, but employ the following very e�cient algorithm.

Given x ∈ [−1, 1]d, the coordinates of x are sorted with a permutation J of
{1, · · · , d} such that

1 ≥
∣∣xJ(1)

∣∣ ≥ · · · ≥
∣∣xJ(d)

∣∣ ≥ 0

For a notational convenience, let us set xJ(0) = 1 and xJ(d+1) = 0 to have∣∣xJ(0)

∣∣ ≥ · · · ≥
∣∣xJ(d+1)

∣∣. De�ne P0 = ~0 and

Pi = Pi−1 + sgn
[
xJ(i)

]
~eJ(i), for i = 1, · · · , d
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Here ~ei denotes the canonical ith unit vector, and sgn(x) refers to the signum
of x, i.e. H(x) − H(−x) with the Heaviside function H. Then we have the
following barycentric decomposition of x.

x =
∑d

i=1 xi~ei

=
∑d

i=1 xJ(i)~eJ(i)

=
∑d

i=1

∣∣xJ(i)

∣∣ · sgn [
xJ(i)

]
~eJ(i)

=
∑d

i=1

∣∣xJ(i)

∣∣ · [Pi − Pi−1]

=
∑d

i=0

(∣∣xJ(i)

∣∣−
∣∣xJ(i+1)

∣∣) Pi

Since the barycentric interpolant P ~ψ : [−1, 1]d → Rc is a linear interpolant
on a simplex conv [P0, · · · , Pd], we have the following formula.

P ~ψ(x) =
d∑

i=0

[∣∣xJ(i)

∣∣−
∣∣xJ(i+1)

∣∣] ~ψ (Pi)

Note that ~ψ (Pi) is well de�ned, since Pi ∈ {−1, 0, 1}d for all i = 0, · · · , d.

3.5.3 Barycentric Interpolation on a Multi-Resolution Grid

Let an adaptively sampled function ~ψ : D → Rc with D = ∪icenters(Ci) be
given. This Section discusses an implementation of its barycentric interpolation
P ~ψ : Rd → Rc. Since P ~ψ(x) for x /∈ G0 is de�ned as P ~ψ(x∗) with x∗ ∈ G0, it is
enough to discuss an interpolation procedure of P ~ψ(x) with x ∈ G0.

P ~ψ : Rd → Rc is de�ned as the piecewise linear interpolation on the triangu-
lation of the domain D of ~ψ. Since the triangulation is expensive to implement,
it is desired to circumvent the triangulation as done in the previous Section. The
complete barycentric subdivision, which is the algorithm triangulating D, sequen-
tially re�nes the subdivision {Ci} of G0 by pulling all the center points of {Ci}
of label d, · · · , 0. As a result, a cube may be subdivided by any neighborhood
sharing a face of dimension 0, · · · , d − 1. Since so many (22d in the worst case)
neighboring cubes are involved for the interpolation on a cube, the interpolation
procedure becomes expensive if we access all the neighboring cubes.

If we stop the pullings of the complete barycentric subdivision at the label
d−1, it may not be a triangulation in general and therefore invoke discontinuities,
but this provides a very e�cient algorithm to implement and does not degrade
numerical results too much according to our experiments in Section 3.6. In Figure
3.4, the fourth picture indicates the complete barycentric subdivision, and the
third one indicates the partial barycentric subdivision that stops pullings at the
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label d−1. From these reasons, let us employ this partial barycentric subdivision
to obtain the following e�cient algorithm.

Given x ∈ G0, it is not di�cult to access the smallest cube C containing x
in {Ci}, because the subdivision {Ci} forms a tree structure that enables a fast
access. Let us denote by P the center of C, by Q the intersection of the boundary
of C and the line connecting P and x, and by C ′ the neighborhood of C sharing
the (d − 1) dimensional face with C and containing Q. Figure 3.6 illustrates a
case in R2. If C is smaller than C ′, then C needs to be subdivided by some center
points of C ′. Otherwise, it would be enough to use the barycentric interpolation
only on C, which is already discussed in the previous Section. Here follows a
concrete formulation of the interpolation procedure.

Let the cube C be given with coordinates; C = {y ∈ Rd|ai ≤ yi ≤ bi}. Its
center point P is given by Pi = ai+bi

2
for i = 1, · · · , d. Let us de�ne λ ∈ R as

λ = min
1≤i≤d

bi − Pi

|xi − Pi|

Then Q, the intersection point between ∂C and the line connecting P and x
is given by

Q = P + λ(x− P )

Let C ′ be the smallest cube in {Ci} containing Q, then

P ~ψ(x) =





(
P ~ψ

)
|C(x) if size(C)≤size(C ′)

1
λ
·
(
P ~ψ

)
|C(P ) +

(
1− 1

λ

) ·
(
P ~ψ

)
|C′(Q) if size(C)>size(C ′)

Barycentric interpolations on a cube, P ~ψ |C and P ~ψ |C′ were given in Section
3.5.2.

3.6 Numerical Examples

Every example was programmed in C++ and run on a PC with 2.2GHz CPU
and 2GB memory. Since the adaptive sampling in Section 3.2 is uniform near the
interface by Proposition 3.2.1, an isosurfacing algorithm [Min03] on a uniform grid
was used to isosurface and visualize the level set of adaptively sampled functions.
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Figure 3.6: Weak Barycentric Interpolation on a Dyadic Grid

grid L1error rate
1282 0.0286 -
2562 0.0197 0.54
5122 0.0132 0.58
10242 0.00928 0.51

Table 3.1: Accuracy test

3.6.1 Accuracy Test

Our method employed the piecewise linear interpolation in space and the Euler
method in time, which would result in a �rst-order accurate method in a uniform
grid. Since a multi-resolution grid is used for the space discretization in our
method, the course parts of the grid negatively a�ects the �ne parts, which will
weaken the �rst order accuracy. Here, we numerically test the accuracy of our
method.

As a test example, a circle of center
(−1

3
,−1

3

)
and of radius 1

3
is advected with

a constant velocity ~V = (1, 1) until T = 0.625. Since the deformation matrix ∇~V
is the zero matrix, the Lipschitz constant stayed the initial Lipschitz constant for
the whole time steps. Table 3.1 shows that the convergence rate of our method
is about a half.

3.6.2 Wave Re�ections in R2

It is well known that a high frequency wave behaves like a particle, which can be
nicely represented as the Eikonal equation,

ut + c(x) · ‖∇u‖ = 0

However, the classical viscosity solution of this equation does not allow super-
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positions that are natural in the wave phenomenon. To overcome this de�ciency,
Osher et al [OCK02] substituted the Eikonal equation with its characteristic
equation that captures the wave fronts in phase space, which is

~φt + (~V · ∇)~φ = 0

with velocity
~V (x, y, θ) = (cos θ, sin θ, 0)

As a test example, we take an initial wave front as a circle of center at (0, 0)
and of a radius 1

2
that is implicitly represented as the zero level set of

~φ0(x, y, θ) =

(
x− 1

2
cos θ, y − 1

2
sin θ

)

We take a domain of [−1, 1]2× [−π, π] whose boundary behaves a mirror, or a
re�ector of the wave. To incorporate the re�ection, we modify the interpolation
procedure in Section 3.3. Given ~φ : D → R2 with (x, y, θ) /∈ [−1, 1]2 × [−π, π],
P~φ(x, y, z) is de�ned as P~φ(x∗, y∗, θ∗) with (x∗, y∗, θ∗) ∈ [−1, 1]2 × [−π, π] such
that

x∗ =





2− x, x > 1
−2− x, x < −1

x, |x| ≤ 1
y∗ =





2− y, y > 1
−2− y, y < −1

y, |y| ≤ 1

θ∗ =





−θ, |x| ≤ 1 and |y| > 1
π − θ, |x| > 1 and |y| ≤ 1
π + θ, |x| > 1 and |y| > 1

θ, |x| ≤ 1 and |y| ≤ 1

The time step ∆t was chosen as ∆t =

√
∆x2+∆y2+∆θ2

2
. The Lipschitz constants

of ~φ(x, y, θ, tn) was increased by Ln+1 = Ln·(1 + ∆t) with L0 =
√

5
2
. The evolution

was simulated until T = 1.5.

Local Level Set Method Level Set Method
grid space(MB) rate time(sec) rate space(MB) rate
1283 61.4 - 250 - 33.6 -
2563 138 2.2 1160 4.6 268 8.0
5123 290 2.1 5045 4.3 2147 8.0
10243 594 2.0 21068 4.2 17179 8.0

Table 3.2: Re�ections in R2
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Figure 3.7: Re�ections in R2 simulated on a 10243 grid

34



3.6.3 Wave Re�ections in R3

This example is an extension of the previous example to R3. Osher et al [OCK02]
substituted the Eikonal equation with its characteristic equation that captures
the wave fronts in phase space, which is

~φt + (~V · ∇)~φ = 0

with velocity

~V (x, y, z, θ, ψ) = (cos θ sin ψ, sin θ sin ψ, cos ψ, 0, 0)

As a test example, we take an initial wave front as a sphere of center at (0, 0, 0)
and of a radius 1

2
that is implicitly represented as the zero level set of

~φ0(x, y, z, θ, ψ) =

(
x− 1

2
cos θ sin ψ, y − 1

2
sin θ sin ψ, z − 1

2
cos ψ

)

We take a domain of [−1, 1]3×[−π, π]×[0, π] whose spatial boundary, ∂[−1, 1]3

behaves a mirror, or a re�ector of the wave. To incorporate the re�ection,
we modify the interpolation procedure in Section 3.3. Given ~φ : D → R3

with (x, y, z, θ, ψ) /∈ [−1, 1]3 × [−π, π] × [0, π], P~φ(x, y, z, θ, ψ) is de�ned as
P~φ(x∗, y∗, z∗, θ∗, ψ∗) with (x∗, y∗, z∗, θ∗, ψ∗) ∈ [−1, 1]3 × [−π, π]× [0, π] such that

a∗ =





2− a, a > 1
−2− a, a < −1

a, |a| ≤ 1
for a = x, y, z

θ∗ =





−θ, |x| ≤ 1 and |y| > 1
π − θ, |x| > 1 and |y| ≤ 1
π + θ, |x| > 1 and |y| > 1

θ, |x| ≤ 1 and |y| ≤ 1

ψ∗ =

{
π − ψ, |z| > 1

ψ, |z| ≤ 1

Time step ∆t was chosen as ∆t = 0.5·
√

∆x2 + ∆y2 + ∆z2 + ∆θ2 + ∆ψ2. The
Lipschitz constants of ~φ(x, y, z, θ, ψ, tn) was increased by Ln+1 = Ln · (1 + ∆t)

with L0 =
√

5
2
. The evolution was simulated until T = 0.15.
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Local Level Set Method Level Set Method
grid space(MB) rate time(sec) rate space(MB) rate
85 3.0 - 3 - 0.4 -
165 53 17.7 52 17.4 12.6 32.0
325 284 5.4 240 4.0 403 32.0
645 1092 4.2 4257 17.7 12885 32.0

Table 3.3: Re�ections in R3

3.7 Conclusion

We have introduced a new method that can track an interface in arbitrary di-
mension and codimension. By localizing the level set method near the interface,
our new method signi�cantly reduced the high computational expense of the level
set method, while keeping the simplicity and e�ciency of the level set method.

Our method is stable under both the maximum norm and the Lipschitz semi-
norm. Due to its Lipschitz stability, the method does not need any reinitialization
of level set function. However, without reinitializations, the Lipschitz constant of
a level set function might keep increasing by the estimate in Section 3.4, which
makes the method a bit less e�cient. Numerical results show that our method is
a half order accurate.

In the future, the author expects to employ the reinitialization algorithms
in [OCK02, Str99a] to the tree structure in our method to improve the memory
e�ciency, and intends to improve the accuracy of our method.
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Figure 3.8: Re�ections in R3 simulated on a 325 grid until 1.0 sec
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