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Abstract

The Shortley-Weller method is a basic finite difference method for solving the Poisson equation
with Dirichlet boundary condition. The second order convergence of its solution has been long
known but it is rather recent to pay attention to its gradient. Especially in its application to fluid
flows, the gradient plays a physical role rather than the solution itself. In this article, we first
review the proof that the convergence order of its numerical solution is the second order: though
consistency error is first order accurate at some locations, the convergence order is globally second
order. We call this increase of the order of accuracy, supra-convergence. We then discuss a discrete
divergence theorem for the Shortley-Weller method and prove that the gradient of the solution
is second order accurate in general domains. Usually, the gradient of a second order solution is
only first order accurate, but the gradient of the Shortley-Weller solution is second order accurate,
which is another supra-convergence.

1 Introduction

The Poisson equation —Awu = f is of primal importance in many physical problems, especially in fluid
flows with incompressible condition. The pressure variable in the flows satisfies the Poisson equation
with Dirichlet boundary condition at free surface and Neumann boundary condition at solid surface
[15]. One important aspect of a Poisson solver is the ability to deal with both boundary conditions,
and the other is the accuracy of the gradient of the solution, for pressure gradient is a physical variable
in fluid flows rather than the pressure itself.

Except for some particular cases, the exact solution of the Poisson equation is unknown and needs
to be approximated. Finite difference methods, finite element methods, and boundary integral methods
are main tools for the approximation. In general, finite difference methods have advantages in grid
generation and may have difficulties in treating irregular boundary. The three main tools have their
own pros and cons, and the choice among them depends on the given problem. In this article, we
confine our discussion to finite difference methods.

The Shortley-Weller method [18] is a basic finite difference method for solving the Poisson equation
with Dirichlet boundary condition. It is a simple dimension-by-dimension approach that works in any
dimensions. The method results in a non-symmetric linear system whose matrix is an M-matrix. It
was proved in [18, 3] that the numerical solution is second order accuarate. The gradient of the solution
was numerically observed to be second order [13], but the observation has not been proved yet.

The work of Gibou et al. [5] is a simple modification of the Shortley-Weller method. The modifi-
cation results in symmetric liner system, which can be solved more efficiently than the non-symmetric
one. Its numerical solution is still second order accurate but the accuracy of the gradient drops to first
order.
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The work of Purvis [16, 14] solves the Poisson equation with the homogeneous Neumann boundary
condition. It is a finite volume approach that reads as a standard five-point finite difference method
for the Poisson equation with a weight function which is the characteristic function of the domain. The
method results in symmetric linear system. It was numerically reported that both of the numerical
solution and its gradient are second order accurate. In the case of non-homogeneous Neumann bound-
ary condition, it was observed that the solution keeps the second order accuracy, but the gradient is
only first order accurate [13]. These observations have not been proved yet up to our best search.

We have listed three basic finite difference methods for the Poisson equation with Dirichlet boundary
condition or with Neumann boundary condition. Contrary to their great importance, their convergence
properties of the finite difference methods have just been taken for granted from numerical tests, not
from concrete proof. Convergence analysis for solution and its gradient has been well studied in finite
element methods [9, 7, 8].

The main theme of this article is the convergence analysis for the Shortley-Weller method that
solves the Poisson equation with Dirichlet boundary condition. The second order convergence of its
solution has been well known [18, 3, 1]. Matsunaga-Yamamoto [12] improved the result by showing the
third order accuracy near the boundary. Similar results have been obtained for nonsmooth Dirichlet
problem [2] and convection-diffusion problem [4]. It is rather recent to pay attention to its gradient.
The gradient of the solution was numerically observed to be second order accurate in general domains
[13], but the mathematical proof for the observation has not been reported yet. The second order
convergence was proved in rectangular domain [11], and the order of one and a half was proved in
polygonal domains [10]. In this article, we prove the second order convergence in general domains.

We first briefly review the proof that the convergence order of its numerical solution is the second
order. Though consistency error is first order accurate at some locations. The convergence order is
globally second order. We call this increase of the order of accuracy, supra-convergence. We then
discuss a discrete divergence theorem for the Shortley-Weller method and prove that the gradient of
the solution is second order accurate. Usually, the gradient of a second order solution is only first order
accurate, but the gradient of the Shortley-Weller solution is second order accurate, which is another
supra-convergence.

2 Discretization Setting

In this section, we define discretizations of domain and differential operators for solving the Poisson
problem

{—Au:f in Q

v = g on I

where Q C R? is an open and bounded domain with smooth boundary I'. Consider a uniform grid with
step size h, i.e. hZ?. By € we denote the set of grid nodes belonging to €, and I';, denotes the set of
intersection points between I' and grid lines, i.e. ), = QN (hZ?) and T, = TN{(hZ x R) U (R x hZ)}.
As illustrated in Figure 1, a grid node (z;,y;) € Q) has four neighboring nodes in Q;, U T, namely
(wiz1,y;) and (2i,y;41) in @, UL, Let h;y 1 ; denote the distance from (;,y;) to its neighbor
(zit1,y;), and other distances hi_1 js h; j+1 are defined in the same fashion.

Now we move on to the discretization of differential operators. Given a discrete function w :
Qp Uy — R, its derivative in z-direction is naturally calculated as

vy, o Wil T Uiy
( h )H'E?J hi-t,-%,j )

and it is defined at the middle point (%,yj) whenever (z;,y;) € Qp or (Tiy1,y;) € Q. The
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Figure 1: Grid nodes in €2, are marked by o and nodes in I'y, by e. A grid node (z;,y;) € Qy, has four
neighboring nodes in Qp, U T'y.

second derivative Di%u : ), — R is calculated as

(Di“)lq_l i (Dﬁu)i_l 7
(Diaz:x“)ij = hvgl h 1 =, (1)
i+5.7 15,7

2
for each (zi,y;) € Q. (Dju),; 1 and (Dyu),; are similarly defined. The Shortley-Weller dis-
1 ;

cretization of the Laplace operator is then defined as A, = Df* + D}Y. In specific, given a function
u: Qp UL, — R, its Laplacian Apu : Q5 — R is defined as

_ Uitl,j —Uij _ Ui —Ui—1,5 2 Ui, j4+1— Ui _ Uij—Uqj—1 2
(Apu)y; = ( h R 1 > i1, th,_1. + ( 3 B 1 ) R 1th, 1
2 2 ¥ ¥

i+l -1 i it LR

3 Supra-convergence of Solution

Let v : 2 — R be the continuous solution of the Poisson equation

—Au(z) = f(z), z€Q @)
u(xz) = g(z), zel,
and let uy : Q5 UI', — R be the solution of the discrete equation
up(P) = g¢g(P), PeTy.

In this section, we briefly review the proof in [3, 18] that the discrete solution approximates the
continuous solution with the second order accuracy. Though the consistency order of the discretization
ranges from the first to the second, its convergence order is the second order everywhere. In some
regions, that we will specify shortly later, convergence order is one more than consistency order. we
call such gain of order supra-convergence, or super-convergence. Most of lemmas and theorems in this
section will be just stated without proofs, which we refer to [3] for details, for our main theme of this
work is to introduce the supra-convergence of the gradient of the discrete solution.

Definition Q] C € denotes the set of grid nodes adjacent to I',, and Q5 = Q, \ Q.
Lemma 3.1 (Consistency error) A simple Taylor series expansion shows that

o), Peqy

<Ah<uuh>><P>—{O(h) peo
I h-



The discrete equation (3) for each P € Qj, form a non-symmetric linear system whose matrix is
an M-matrix [17]. An important property of an M-matrix is that its inverse is non-negative in every
entry, from which the following discrete maximum principle follows.

Lemma 3.2 (Discrete mazimum principle) If —Apu > 0 then the minimum value of u should be
achieved on T'y,. Similarly, if —Apu < 0 then the mazimum value of u should be achieved on T'},.

Definition (Discrete Green’s function) For each @) € €y, we define the function G}, (P, Q), P € Q,UT'y,
as the solution of the discrete problem

_J0, P#Q
AhUh(P){hlr“ P:Q, Peqy (5)
Uh(fw =0, Pely.

Since —Apup, > 0, the minimum should be achieved on T, and therefore Gy, (P, Q) > 0 for any
P € Q;, UTy. The Green functions G(-, Q) generate all functions u, on Qp, N T}, which is zero on Ty,
as follows :

Lemma 3.3 (Ezpansion by Green’s function ) Let up be a function defined on Q, N Ty, with up = 0
on 'y, then we have the representation for uy,

un (P) = Y (=Anun (Q)) Gr (P,Q)1*,  for all P € Q UT,. (6)
QEQ,

Using the maximum principle in comparison between wu;, and a continuous function U satisfying
—ApU =11in Qp and U = 0 on 'y, the following estimates are obtained.

Lemma 3.4 (Bounds for Green’s function)
(i) There is a constant C' independent of h such that
> Gh(P,Q)I*<C, forall PeQUTh
QEQ,
(i)
> GuP,Q) <1, forall Pe, Ul
Qe

Now, combining the lemmas leads to the proof for the supra-convergence of solution.

Theorem 3.5 (Supra-convergence of solution) Let u be a continuous solution to the problem (2) and
up, @ discrete solution to the problem (3). For any P € Q) UT},, we have that u(P) — up(P) = 0 if
PeTly and

u(P) =y, (P) =0 (h?), for all P € Q.

Proof Since u — up = 0 on I'y, the summation formula holds for all P € Q;, UT",, and we have

(w—up) (P) = D (=An(u—un)(Q))Gh(P,Q)h

Qe
= > (A (u—uw)(Q)Gh(P,QYR* + Y (—An (u—u) (Q)) Gn (P,Q) h?
Qe Qe

= O | Y. Gu(PQ) | RP+0 (1) | Y Gu(P,QN

Qe Qeny,
= O(r*)+0(h*)=0(r?,

and this proves the theorem. O



4 Supra-Convergence of Gradient

The gradient of a second order accurate solution is usually first order accurate, but in some methods
for elliptic problems the gradient keeps the second order accuracy, which we also call this gain of order
supra-convergence. Both solutions of the Gibou’s method [5] and the Shortley-Weller’s method [18] are
second order accurate, but the solution gradient of Shortley-Weller’s preserve the second order accuracy
while that of Gibou’s drops to the first order. These were observed in thorough numerical tests [13].
In this section, we analyze and prove the supra-convergence on the gradient of the Shortley-Weller’s.

A classical reference [19] shows the supra-convergence in rectangular domains whose boundaries
are aligned at grid lines. Though its presentation was complicated with Fourier analysis, its main idea
is to simply take a discrete divergence theorem on error e = u — up,

Vel ?dy, = e (—Ape)dQy, = |0 (h2) O (h2) [ dQy = O (h?).
Jretmey /

In general irregular domains, the boundary of domain is not aligned with grid lines, which makes a
residue in the application of a discrete divergence theorem. In our review paper [20], we pointed out
that the discrete divergence theorem is not valid any more in irregular domains, and suggested that a
new discrete divergence theorem suiting with the Shortley-Weller discretization may lead to the proof
of the supra-convergence of gradient.

In the beginning of this section, we define discrete integrals in irregular domains. The definition
copes with the definition of the discrete Laplacian in Section 2, and we can derive a discrete divergence
theorem to identify the residue term. Then we extend the estimates of Green’s function in Section 3
for treating the residue, and finally proceed to the proof of the supra-convergence on gradient.

4.1 Discrete Divergence Theorem

A grid node (z;,y;) in Qp has four neighboring nodes (z;+1,y;) and (z;,y;j+1) in Q5 UT,, and ac-
cordingly we define its control volume such that its border line is up to the middle of the node and its
neighbor in each four direction,

CLa | T +Ti—1 T+ Ty Yi T ¥i-1 Yi T ¥t
iy ) X ) .
2 2 2 2

3.
volumes of two neighboring nodes are adjacent along the border at their middle point. In overall, their
union Cp, = U(g, 4, eq, Cij seamlessly fills up the domain €2 inside, but some margins between C' and
Q) appear near the boundary I', as depicted in Figure 2.

The L5 inner-product between two discrete functions u, v : €25, — R is defined as the multiplication
of their values and the area of the control volume for each grid node,

The control volume is a rectangle of size % (hiJr%J- +h;_1 )x% (hmgr% + hi,jfé)' The control

h‘i 1 ‘+hi,l hz L+hi ;1
/u~’l)th = Z uijvij t3.7 B) 22 s 9 I3 . (7)

Q (zi,y5)€EQn

Now let us proceed to the definition of the H; semi-inner-product th Vyu - Vv dQy,. Consider

two discrete functions u,v : Q, UI', — R. For each grid node (z;,y;) € €5, we have two one-
sided approximations, "Z:j?] and U;L;"l‘]“ for 9% (z;,y;). In calculating fcij 9u9v dady, we split
2 2

the control volume into the region {%‘72

h:m} X [yj7%7yj+%] left to the grid node and the region

{xi, x; +%} X {yjfé,yj +%} right, and match the left region to the approximation from the left and the
right region to the one from the right,
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Figure 2: Each control volume Cj; is depicted in dotted lines. A union of control volumes Cj =
U(z;,y;)Cij fills up seamlessly inside the domain (2 with some margin near I'. The boundary of the
union, 9C}, is depicted in solid straight lines.
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In the same fashion, [, (Dju)(Djv)dQ is defined. Our treatment of u,, (Dju);y 1, and (Dhu)iH%

is similar to the Marker-and-Cell discretization in staggered grids [6]. For each control volume C;;, we
have u;; at the grid node inside, (Dju),;, 1 ; and (Dju), 1 ; at its left and right borders, respectively,

2 2
and (Dyu),., 1 at its top and bottom borders.

2

Before we state and prove a discrete divergence theorem, we need to deal with another discretization,
how to approximate line integral | %v (n-e1)dl, one of the two components in [, (Vu-n)vdl. As
depicted in Figure 2, the margin between Q and Cj, = Uy, ,,)Ci; is present only near I'. Hence we
approximate the support I' by dC}. For each control volume C;;, the integral over its boundary is
defined as the sampled value times the length summed over its four sides,

NINCESW R R QOIS Wk sl Pigrythi-g
i dr tegs 2 ;
u)vin-e = N
( h ) ( 1) . Uij—Ui—15 Vij+Vi—1j hi,j+%+hij*%
80,1 h, 1 . 2 2

i—g.d

Note that n - e; = 0 at the top and bottom sides, so the above sum has only two terms from the
left and right borders. Summing up the oriented line integrals over all the control volumes, we have

Witl,j—Wij Vig1,5+Vij
x + hivis 2 hiaﬁ‘% + hij—%
(Dhu) v (TL : 61) dl' = E : Ui —Ui—1j Vijtvio1j 9 (9)
aC), (zi,y;)€QR hio1 2

Inside the domain, an edge appears twice in the summation with different signs and the two terms
cancel out each other. Hence the support of the summation actually runs only over 9C},. The terms
with the dotted lines in Figure 2 are all canceled out.

Theorem 4.1 (Discrete integration-by-parts) For any u,v: Q, UT), = R,

/ (DE"u) v A, + / (DEw) (DEv) dS, = / (DEw) v (n - 1) .

Qp Qp aCh



Proof From the definitions (1) and (7),

hivyj+hiosjhj1+h

i1
[rweinn = 3 (Dfru, vyt S

Q (4i,y5)€EQR
— Z <ui+17j — Uij  Uij — U1y vuhi,j-‘r% +hij—y
B vt s hi_1 " 2
(xi,y;) € i+35.] =3,

_ Z <Ui+1,j = Ui Vi Vi Ui — Ui—15 Vi + Uij) higey + hij—g

h, 1. 2 h, 1. 2 2
(zi,y;) €2 i3 ‘T2
From the definition (8),
h. 1 .
Witl,j —Uij Vit1,5—Vij *+3.J
T z hivi hivig 2 hi’J“F% + hij*%
(Diu) (Dyv) dQYy, = E 2 A
4 Moy VigTUiog i 5 2
Q (®i,y;)EQn h._ 1. h._1. 2
=357 =57
Wit1,j—Wij Vitl,j—Vij
h +h

! a1
_ hivl tj+3g -3
- Ujj—Uj—15 Vij —Vi—1j 9
2

(mivy])eﬂ}l + hifé,]’
and then the sum of two integrals is calculated as

4 Wiy TUi Vit TV

h, 1. 2 hi,j—l—l + hij—l
/( Bw)vdy, + / (Dju) (Dyv) dQp, = Z _ uij:ruzijlj Vi—1j+Vij #
Qn Qn (wi,y;)€Qn hiot 2
= / (Diu)v (n-ep)dr.
80}1
This shows the discrete version of integration-by-parts. O

Repeating the above process in y-direction, we obtain the discrete divergence theorem.
Corollary 4.2 (Discrete divergence theorem) For any u,v : Q, UT), — R,

/ (M) v, + / (Vatt) (Vi) dQp = / (Vau - n) v d. (10)

Qp Qp, 9Ch

4.2 Approximation of Gradient

Given the discrete solution u; approximating the continuous solution u, the derivatives of u are then
approximated by the finite differences of w, in the staggered grid nodes. For example, using two
neighboring grid nodes (z;,y;), (zit+1,y;) € Qn UT',, we have

Ou (x;i+aip1 N(uh)wl,j—(“h)ij
Ox 2 W)= hiv1 '

A standard result for central finite differences gives

ou ($i+$i+1 y-) Cu(mign,yy) —u (@i, yy)
s Y5 | —

oz 2 h +0 (h§+%7j)'

i+1.5



Since our goal in this work is to show that the gradient approximation is second order accurate and
since h; 1 < h, it is enough that the following approximation is second order accurate,

w(Tip1,y;) —u (T, y;) N (uh)i+1,j - (uh)ij

hivy hivss

The error of the approximation is simply (D7 ep) where e, = u—wuy. Hence, hereafter we focus on

i+3.,5°
measuring the size of Dfej, and Dj ey, or the size of |Vjep|. Applying the discrete divergence theorem
on e, we have

/|Vh6h|2th = /(7Ah6h) (& th+ / (vheh n) €p dl.
Qpn Qp aC,

The following lemma estimates the first integral in the right hand side of the equation above.
Lemma 4.3 fﬂh (—Apep)en dQy =0 (h4)

Proof Note that —Ape;, = Apup — Apu = Au — Apu is nothing but the consistency error. Using
Lemma 3.1 and Theorem 3.5, we have

hi_l +hz 1 h’z ‘_l"’hi" 1
/(—Aheh) ethh = Z (—Aheh)ij (eh)ij 2] B t3d 4I7s B Chs

Q (4i,y5)€EQR

hi_1 '+hz‘+lj hij_; +hij+l
= Y ey (e, A TRk B P
(zi,y;)€Q, 2 2

hi_1
=+ Z (_Aheh)ij (eh)ij 2
(wi,y;)€Q},

= > oM@ om)+ >, 0o (r?)
(wi,y;)€Q, (wi,y;)€EQ},

=0 (h) O (h?)+0(h)O (k") =0 (n").

thivg iy i
2 2

Here we used the fact that since 2 is a domain in two dimensions, the number of grid nodes in €, or
in 2} grows as O (h’Q), and since the boundary I' is one dimensional and the grid nodes in €2} are
present only near I', the number of grid nodes in €} grows as O (h’l). O

4.3 Convergence of Gradient

Now let us proceed to the estimation of the second integral fach (Vhen - n)ep dI'. The estimate in

Theorem 3.5 shows that e, = O (h?) all over the region €, UT,. The support of dC, is very near to
Iy, and a refined estimation of ej is sought in this subsection.

Lemma 4.4 Let vy, be the solution to the problem such that —Apvy, =1 in Qp and vy, = 0 on T'y, then
(vn)y; = O (1) - dist ((w5,y;),T'n)

Proof Let v be the continuous solution of —Av =11in Q and v =0 on I'. Since —Av + Apv = O (h)
in Qp, for sufficiently small h, there exists a constant 1 > ¢ > 0, independent of h, such that

—App>1—¢>0.

Since —Ay, (1%01) — vh> > 01in €y, and %_Cv — v, =0 on I'y, the maximum principle (Lemma 3.2)

implies that



For (z;,y;) € Qu, let (x,y) be the closest point in I'y, to (z,y;), 1.e. |(z,y) — (24, y;)| = dist ((z;,y;) . T'n),
then

0< (vn)y, < U(ffzf) < v@y) +Oq(fi/> ~ (o))

O (dist ((:,y5) ,T'n)) ,

using v (x,y) =0

<
~—1-c

and the lemma follows. O

Lemma 4.5 Let wy, be the solution of

0 inQ
—Apwp, = m b and wp, =0 on T,
1 in Q

Then 0 < (wy,),; < O (h) - min {hii%d,hi,ji%}.

Proof Since —Apwy, > 0 in Qp, Lemma 3.2 implies that the minimum is attained on I'y, so wy > 0.
Similarly, since —Apwy, = 0 in 7, the maximum should be attained either on €} or on I',. All
the values at I'j, are the minimum, so the maximum is attained at some (z;-,y;+) € ©f. The node
(xi+,yj+) has at least one neighborhood in T'y, let us say (z;-—1,y;-) € 'y, then using the fact that
(Wh)jje = (Wh)je sy jo » (Wh)ge jo 1 leads to

(wh)i*j* - (wh)i*+l,j* + (wh)i*j* 2
hi*_l j
2

hz‘*-&-%,j* hz‘*—lj* . +hz‘*+%,j*

+ (wh)i*j* - (wh)i*,j*+1 T (wh)l*J* - (wh)i*,j*fl 2
hl*,]*—% + hi*,j*-‘rl

hl*,]*—‘r% hi*,j*—l

and

Wh, ) ;= i+
(( h)i > 2 <1
hi**%yj* hl*+%,]* + hi**%,j*

3.0
1
2 r=5,0% =

0< (wh)i*j* <

Therefore for all (z;,y;) € Qp ULy, 0 < (wp);; < h?%, which proves the lemma for (z;,y;) €
because min {hii%’j,hi’ji%} = h in this case. Now consider the case when (z;,y;) € Q}. For k =
1,...,4, let Py be the neighboring point of P = (z;,y;) and wx = wy, (Px), hx = |P — Pg|. Then we
have —Apwp, =1 at (z;,y;) € Q, which implies

2(h1h3 + h2h4) (w ) . 2 w4+ 2 w
hihahshy " T hy (bt hy) L by (hy+ hg)

2 2
+ wy + wy + 1.
ho (h2+h4) 2 ha (h2+h4) *



Note that since P € ), it has at least one neighboring node in I',. Also note that hy < h implies
wy = 0. Let hynin = min {hy, ho, h3, hs} . Using the fact that wy < h?, for k = 1,...,4, it is not difficult
to show

hihahshy 1 h?

_Mmhehsha L nd < <1, k=1,... 4.
hihs + hahy — it A e T heta) E = R (Rt hpaa)

Applying these inequalities to (11), we have a bound for (wh)i,j
(wh)i,]’ < S5hhmin,
which completes the proof of the lemma. O

Theorem 4.6 For each (z;,y;) € Qp,

(en)i; = O (h2) (dist ((s,5) , D) +min (hugy o hojey )
Proof From Lemma 3.1, there exist constants ¢, cy > 0 such that

—c1h? < —Apep, < cih®* in QF
—coh < —Apep, < coh in Q-

Using the notations in Lemmas 4.4 and 4.5,

h2 in Q°
S Nl
2 h

Using Lemmas 3.2, 4.4 and 4.5, we have

[(en)is| < (1) (on)y + (eah = 1) (),
< (e1h?) O (1) - dist ((wi,y3) , Tw) + (czh = e1h®) O () -min {igy 5o h oy b
= O (n?) (dist (i, y5) ,Tn) +min (Bisy 5 hijay ) ) -
This shows the theorem. [

Corollary 4.7 If (z,,y;) € @, (e);; = O (h2) min (hii%,j, hm,i%) .

Proof Simply because dist ((z;,y;),I') < min (h 150 Pt 1)

Corollary 4.8 If (z;,y;) € Q; and one of its neighborhoods belong to 0, (er);; = O (h?).
Proof Simply because min (h 150l ]:tl) = h and dist ((z;,y;),I") < 2h.

Theorem 4.9 (Supra-convergence on gradient) Let u be a continuous solution to the problem (2) and
up, a discrete solution to the problem (3). Then the f2- accuracy of the gradient of Vyu — Vyuy, is
O(h?), that is,

||th - thh”Zg = /Vhe -VpedQy = O(hQ)

10



Proof Let e = u — up, and substitute u and v with e for (10), then we obtain
/Vhe -V5pedQy, = — / (Ape) e dQy + / (n-Vye)edly,. (12)
Qn Q aCy,

Lemma 4.3 shows that the first integral amounts to O (h4), and it is enough to consider the second
integral. In the definition of the line integral (e.g., (9)).

/ (Diep)ep (n-ep)dl

oCy,
(en)it1,5—C(en)ij (en)i+1,j+(en)i,j
— Z hivd.s 2 hijrg +hij—1
- _ (e )ii—(en)i—1,5 (en)ij+(en)i—1,; 9
(zi,y5)€Q hi—%,j 2
h.  1+h. . 1
gL T
. Z (en)i+1,5 — (en)ij (en)it1,5 + (€n)ij + 22
hivy; 2 Pivrgegthn-3 |7
2 —
(w4,y5) € Qn 2

or (zi41,y5) €

all the non-zero terms in the summation appear only where (z;,y;) € Qf or (zi41,y;) € Qf ; in
the other cases, (hi’jJr% + hi_’j,%)— (hi+1’j+% + hi+17j7%> = (2h) — (2h) = 0. When(z;,y;) € Qf
or (xiy1,y;) € Q, dist ((x;,y;),T'n) < 2h and dist ((zs+1,y;),T'n) < 2h, and Corollaries 4.7 and 4.8

state that 4754 — O(h%) and “frai=td = O(h?). Combining the estimates,
it

Z (hi,jJr% + hi,jfé) - (hi+1,j+% + hi+1,j7%)

/ (Dfe)e(n - e1)dl = O(h?) 2
dcp

(i, y;) €
or (SL‘Z‘+1, yj) S Q;

= O(h) - O(h™Y) - O(h) = O(h?)

Here, we use the fact that the number of elements in Q7 is O(h™!), since I' is one dimensional. Re-
peating the same process on the other term in [, (n-Vye)edl = [, (Dje)e(n-e1)dl'+ [, (Dje)e(n:
e2) dI" completes the proof. O

5 Numerical Test
The linear system was solved by the ILU-preconditioned BiCGSTAB method [17] with stopping criteria

on residual ||r"|| < 1071 ||r?||. The error and its gradient in the L? norm are calculated by the formula
in the section of discrete divergence theorem.

Example 5.1 (Poisson equation in two dimensions)

Assume 2 C R? to be a circle of center (0,0) and radius 1. Choose f:Q — R and g: I' — R such

that u (z,y) = m is the exact solution of the problem
—Au = fin Q
u=gonl.
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grid | |lu —upl| e | order | lu —wupll;. | order | ||[Vu — Vyuy| 2 | order
407 | 1.28 x 107 % 9.52 x 1075 6.08 x 104
807 [ 335x107° | 1.93 [ 245 x10°° | 1.96 1.66 x 1074 1.87
160% | 8.54 x 1079 | 1.97 | 6.24 x 107 | 1.97 4.35 x 1075 1.93
3202 | 216 x 1076 | 1.98 [ 1.57x 107 % | 1.99 1.11 x 107° 1.97

Table 1: Convergence rate for the Poisson problem in two dimensions, example 5.1

grid | |lu —upl/; | order | |Ju —wupl|,2 | order | |[Vu —Vjyupl/,. | order
20 | 2.22x 1073 1.34 x 1073 6.08 x 1073
40% | 563 x10~* | 1.97 [ 338x10~* | 1.98 1.72 x 1073 1.98
80 | 1.40 x107* | 2.00 | 8.41 x10~° | 2.00 429 x 1074 2.00
160% | 348 x 10~° | 2.00 | 2.09 x 10~° | 2.00 1.07 x 10~% 2.00

Table 2: Convergence rate for the Poisson problem in three dimensions, example 5.2

Table 1 confirms our theoretical results that the numerical solution and its gradient are both second
order accurate.

Example 5.2 (Poisson equation in three dimensions)
X X . 7(172 2 z2)
Assume ) C R3 to be a sphere of center (0, 0, 0) and radius 1. With exact solution u(z,y, z):%,
choose f:(2 - R and g : I' — R accordingly as the previous example. Table 2 shows that the numerical
solution and its gradient are both second order accurate.

Example 5.3 (Helmholtz-Hodge projection)

In this example, we consider an important application of the Shortley-Weller method on fluid flow
with free surface. The incompressible Navier-Stokes equations consist of momentum equation and
incompressibility-constraint equation, and can be written as the momentum equation without pressure
term applied with the Hodge-Helmotz projection. A vector field U* is uniquely decomposed into a sum
of divergence-free vector field U and gradient field Vp. The Hodge-Helmotz projection of U* takes
the divergence-free vector field dropping the gradient field in the decomposition. In this example,
we implement the projection in the discrete setting by applying the Shortley-Weller method on the
following Poisson equation.

—Appr =V -U* in Qp

pr=20 on 'y,
At the free surface, Dirichlet boundary condition is imposed [15]. The projection of U* is calculated
as U, = U* —V},P,. For the test, we take Q = {(:c,y) e[-3,2] x[-3,3]: (%)2 + (0‘1_/*8)2 < 1} and
U* = (cos (mx) sin (my) , — sin (7z) cos (my)) +V (697“"2 ((%)2 + (1)2 - 1)) Table 3 shows that the

0.8
approximation Uy, is second order accurate, which is due to the second order convergence of Vppy,.

6 Conclusion
We have introduced the proof that the solution gradient of the Shortley-Weller method is second order

accurate in general domains. For the proof, we presented the new estimates for e, and the novel
discrete divergence theorem suited in the discrete setting of the Shortley-Weller method.
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grid | ||U — Uy||;2 | order
40% | 6.85 x 10~3
807 | 1.73x107* | 1.98
1602 | 4.34 x 107° | 1.99
3202 | 1.08 x 10~° | 2.00

Table 3: Convergence rate for the Hodge-Helmotz projection, example 5.3

Our proof was presented only in two dimensions, but its extension to three dimensions would be
a line-by-line substitution, which we omit and put off to a future work. A thorough numerical test in
[13] suggest that the solution gradient is second order accurate not only in L? but also in L>°. Our
current article proved the former only and we plan to discuss the latter issue in future work.
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