CONVERGENCE ANALYSIS ON THE GIBOU-MIN METHOD FOR
THE HODGE PROJECTION*
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Abstract. The Hodge projection of a vector field is the divergence-free component of its
Helmholtz decomposition. In a bounded domain, a boundary condition needs to be supplied to
the decomposition. The decomposition with the non-penetration boundary condition is equivalent
to solving the Poisson equation with the Neumann boundary condition. The Gibou-Min method is
an application of the Poisson solver by Purvis and Burkhalter to the decomposition.

In the decomposition by the Gibou-Min method, an important L2-orthogonality holds between
the gradient field and the solenoidal field, which is similar to the continuous Hodge decomposition.

Using the orthogonality, we present a novel analysis which shows that the convergence order is 1.5
in the L2-norm for approximating the divergence-free vector field. Numerical results are presented
to validate our analyses.
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1. Introduction

The Helmholtz decomposition theorem [8] states that any smooth vector field
U* can be decomposed into the sum of a gradient field Vp and a divergence-free
vector field U. The decomposition is unique and orthogonal in L?. The Hodge
projection of a vector field is defined as the divergence-free component in its Helmholtz
decomposition.

One of the main applications of the Hodge projection is the incompressible fluid
flow, whose phenomenon is represented by the Navier-Stokes equations. Consisting
of the conservation equation of momentum and the state equation of divergence-free
condition, the equations can be described by a convection-diffusion equation with the
Hodge projection applied at every moment. Chorin’s seminal approximation [3] for
the fluid flow first solves the convection-diffusion equation in a usual manner, and
then applies the Hodge projection. Other successful fluid solvers such as Kim and
Moin’s [9], Bell et al.’s [2], Gauge method [4] are in the same direction as that of
Chorin’s.

The Helmholtz decomposition U* =U + Vp in a domain {2 can be implemented
through the Poisson equation —Ap=—V-U*. In a bounded domain, the equation
needs to be supplied with boundary condition. There are two types of fluid boundary
conditions. One is the non-penetration boundary condition, U-n=0 on I'=0f2, and
the other is the free boundary condition, p=ocr on I' [11]. The free boundary con-
dition is, in other words, the Dirichlet boundary condition of the Poisson equation,
and the non-penetration boundary condition corresponds to the Neumann boundary
condition, g—ﬁ =U*"nonT.

A classical finite difference method for solving the Poisson equation with the
Dirichlet boundary condition is the Shortley-Weller method. It has been long known
to have a second order accurate solution, but it is recent to have mathematical analyses
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for the convergence of its gradient. Le et al. showed the second order accuracy in
rectangular domains in 2004 and the order 1.5 in polygonal domains in 2007, and
Yoon and Min showed the second order accuracy in any smooth domains [13]. One
weakness of the Shortley-Weller method is that its associated linear system is not
symmetric. Gibou et al [5] introduced a symmetric modification of the method while
keeping the same second order accuracy for the solution.

A standard finite difference/volume method for the Poisson equation with the
Neumann boundary condition was introduced by Purvis and Burkhalter [12]. Though
implemented in uniform grid, the method can handle arbitrarily shaped domains. It
is a simple modification of the standard five-point finite difference method, and it
constitutes a five-banded sparse linear system that is diagonally dominant, symmet-
ric and positive semi-definite. Due to these nice properties, the linear system can
be efficiently solved by the Conjugate Gradient method with various efficient ILU
preconditioners.

The Gibou-Min method [10] is an application of the Purvis-Burkhalter method on
the Hodge decomposition. In implementing the Hodge decomposition, the Neumann
boundary condition takes the divergence form % =V -U*, which delivers an L? or-
thogonality of the decomposition. The Gibou-Min method was applied to fluid-solid
interaction [6].

We briefly review the Gibou-Min method in section 2 where the discrete gra-
dient and divergence operators are introduced. In section 3, we show the discrete
integration-by-parts which leads to a discrete orthogonal decomposition. After de-
composing the consistency of the method, we prove an order of accuracy of 1.5 in the
L?-norm for approximating the divergence-free vector field U of the Hodge projection.
Numerical results are presented in section 4 to validate our analyses. Our convergence
analysis is novel to our best search.

2. Numerical method

In this section, we briefly review the Gibou-Min method [10] for the Hodge de-
composition with the non-penetration boundary condition. Given a vector field U*
in a bounded and connected domain €2, the following Poisson equation is solved for
scalar p with the Neumann boundary condition.

{—Ap:—V-U in Q, 2.1)

g—z =U*n onl:=00Q.

Then a vector field U, which is defined as U=U"*—Vp, is the desired Hodge
projection of U* that satisfies the divergence-free condition V-U =0 in 2, and the
non-penetration boundary condition U-n=0 on I". The Gibou-Min method samples
the vector fields and scalar field on the Marker-and-Cell (MAC) staggered grid [7].
For simplicity, we consider the 2D case in this section and the extension to 3D is
straightforward.

Let hZ? denote the uniform grid in R? with step size h. For each grid node
(xi,y;) € hZ?, Cj; denotes the rectangular control volume centered at the node, and
its four edges are denoted by E;;1 ; and ;41 as follows.

Cij = [%‘-%axw%] X [yj—éayﬂ-%]a
‘Ti:t% X [yj—%ayj-‘,—%]a
[%—%@H%] x Yj+l-

Ei:t%j

Eiji%
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Based on the MAC configuration, we define the node set and the edge sets.

DEFINITION 2.1 (Node set and edge sets). Q" :={(2;,y;) € hZ*|C;; NQ#D} is the
set of nodes whose control volumes intersecting the domain. In the same way, defined
are edge sets B := {(xi+%,yj)|Ei+%ﬁj OQ#Q]} and B := {(xi,ijr%)\Ei’jJr% OQ#@},
and then E" ::EQUEZ’}.

By the standard central finite differences, a discrete gradient operator is defined.

DEFINITION 2.2 (Discrete gradient). Given p:Q" —R, its gradient Gp: E" =R
is defined as

, _ DPi+1,; —DPij
__ Dij+1—Dij
(GVP); jiy =10

Whenever Ei-l-%,j NN 75 (Z), Cij nQ 7é () and Ci-i-l,j NnQ 7é @, since EH—%J C Cij,ci+1,j.
Hence the above definition is well posed for G*p, and so is for GYp. Discrete gradient
was simply defined by the finite differences, however discrete divergence can not be
defined so. For each (z;,y;) € Q" its four neighboring edges may not be in E", since
Ci; NQ# ) neither imply Eip1 ;NQ# 0 nor E; j1NQ# (. A proper definition comes
from the following identity.

V-Udx= / U-fids

Ci;NQ 6(Ci_,ﬂﬂ)
0= / U-iids+ / U-iids (2.2)
acian Ci]‘ﬁr

With the non-penetration boundary condition U-7=0, the identity represents
an integral value of the divergence by a line integral over the fraction of edges. To
measure the fraction, the following Heaviside functions are defined on the edge set. We
note that the Heaviside function is sampled only on edge, not in cells. Thus, C;; NQ2
is not needed in Gibou-Min method, but will be needed in Purvis-Burkhalter’s [12].

DEFINITION 2.3 (Heaviside function). For each edge,

length (Ei+%,j N Q)

length (Ei—s-%,j)

length (Ei7j+% N Q)

length (Ei,j+ L )

H.

39 = y and Hy oy =

Note that H,,1 ;, H;;,1€[0,1]. Its value 1 implies that the edge is totally
inside the domain, and value 0 implies completely outside. One may approximate the
Heaviside function in different ways: Batty and Bridson [1] approximated it by volume
fraction instead of edge fraction. Between the two approximations, the edge fraction,
which the Gibou-Min method uses, shows much better convergence [10]. Using the
Heaviside function, now we define discrete divergence operator.

DEFINITION 2.4 (Discrete divergence). Given U= (u,v): E" - R, its discrete

divergence DU : Q" =R is defined as
(DU)ij = (ui—&-%,jHi-i-%,j *“z’—%JHi—%,j) “h
0,J

+ (”i7j+%Hi,j+§ —Ui-3 1, —%) h-
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length(E; ;. 1)

length(E; ;. ;E) CH;

) el

length(E;_ L )

length(E; _ 1

7

i H

i—%.j

Fi1c. 2.1. The rectangular control volume C;; has four edges E, 1 J and E, jLl- The Heaviside
2 T3

function is defined to be Hii%,j’ Hi,ji% €[0,1] on the edges.

Note that the calculation of the discrete divergence involves the vector field only
in E". The edges not in E", whose Heaviside function values are zero, are ignored in
the calculation.

Given a vector field U*: E" — R, the Gibou-Min method computes a vector field
U": E" - R and a scalar field p" : Q" — R such that DU" =0 in Q" and U* =U" 4+ Gp"
in Q. Substituting U" with U* —Gp" in DU" =0, we have the equation for p”,

—DGp"=—-DU* in Q" (2.3)

After p" is obtained by solving the above linear system, the solenoidal vector field
Uh=U* —Gp" is calculated.

3. Convergence analysis

In this section, we perform convergence analysis for the Gibou-Min method. Let
L":= DG denote its associated linear operator, then it maps a discrete function p” :
Q" 5 R to another function L™p": Q" =R such that

A h h h_.h
(L"), = Hipy, (I;erl’j_Z;)fj) —H, 3, (ZZL”_%_”) 3.1)
+Hm+% (pi,j+1 *Pij) *Hi,j—é (pz‘j *pz‘j—l)a
for each (x;,y;) € Q". Then we first show that the equation
—L'"p"=—-DU* (3.2)

has a unique solution p” satisfying ", p (ph)ij =0.
LEMMA 3.1. Ker (L") =span{lgn}



G. Yoon, J. Park and C. Min 5

Proof. Let p : Q" — R be a discrete function with L"p" =0. Since Q" is a finite set,
maxgqn p” :pﬁij* for some (z;+,y;+) € Q". At the location, since pfﬁ,j* is the maximum,
we have the following inequality.

Hl+2,j (p?*+1,j* *p?*j*) —H; —14 (pz* j* P?*A,j*)
+Hij1 g (p?*,j*ﬂ_P?*j*)_Hwﬁ(pz ge P gea) S0

To have the equality (thh)i*j* =0, p?*j*should be equal to all of its neighbors. Now
the maximum is propagated to all of its neighbors. Recursively applying the same
idea to each neighborhood, the maximum should be propagated to the whole region.
Hence p” is globally constant. The other direction is trivial. 0

THEOREM 3.2 (Existence and uniqueness). For a wector field U*: E" R,

—L"p" = —DU* has a unique solution p" e {lgh}l

Proof. Since L" is symmetric, the range of L" is {1m}J‘. And since the function
DU* satisfies a compatibility condition Z ;(DU™),;; =0, namely, DU™ is in the range
{1gn} ", there exists an unique solution p" € {1gn } ™. O

3.1. Discrete integration-by-parts

Two operators G:R?" 5RE" and D:RE" R satisfy the following discrete
integration-by-parts.

DEFINITION 3.3 (Inner product between vector fields). Given two vector fields
U,V :E" =R, their inner product is defined as

2 2
Zuz+21 i+5.,7 Z*z’Jh +Zu,7+2 ij+3 U+§h

where U = (u',u?) and V = (vt,0?).
DEFINITION 3.4 (Inner product between scalar fields). Given two discrete func-
tions p*,p? : Q" =R, their inner product is defined as

1 .2 2
=D _pipih’.
B

With the two inner products defined, the following lemma shows that G is the
adjoint operator of —#D.

LEMmMA 3.5 (Integration-by-parts). For any function p:Q" —R and any vector
field U: E" =R, we have

(Gp, Uy = — < h12 DU>

Proof. Let a vector field U: E" — R be given by U = (u,v). Then it follows from
the definition of inner product between vector fields that

{Gp.U) = Z (GP)it s ity sHivy h? +Z (GP)i 41 Vit Higiy 7

4,J
pH—L] Pi,j 2 Pij+1—Pij 2
—Z Ui g Mgy 2+ w Vi Higesh
,J
:—E ng< z+2,j uifé]Hlffj—l—’UZjJrlHﬁLl—U jféH j,i)h

)
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The integration-by-parts leads to the following orthogonality theorem.
THEOREM 3.6 (L2-orthogonality). Given a vector field U*: E" — R, there emists
a unique p" € {1gn}* such that DGp" = DU*. Therefore, the decomposition

U*=U"+Gp" with DU"=0

is unique. Furthermore, the decomposition is orthogonal, i.e. <Uh,Gph> =0
Proof. The uniqueness of the decomposition is straightforwardly proved by the
uniqueness of p. Moreover, since p" satisfies DGp= DU*, we have

0=(DU" p")=—n*(U",Gp").

3.2. Error estimate

Throughout this section, let p: Q2 —R and U = (u,v): Q2 — R? denote the analytic
solution of the Helmholtz decomposition U* =U + Vp for the given vector field U* =
(u*,v*): Q—R2. Also let p": Q" - R and U": E" - R denote the numerical solution
for the Gibou-Min method for the given U*: E* —R.

DEFINITION 3.7 (Convergence error). The convergence error e :Qy, —R is de-
fined as e :=p—p".

DEFINITION 3.8 (Consistency). The consistency c:Q, —R is defined as c"=
Lhp—Lhp".

LEMMA 3.9 (Decomposition of consistency). c'= %Ddh, where d": E" - R s
defined as

1 Dit1i—Dii
h +1, \
ity ;= Ho1 / [ e (xlur;,yj)} dy

1
113,57

Eaﬁ+%jmﬂ
1 op
* ! ) - a5 ! ) d7
“g, |5 ()|
Ei+%ij

and d:?j_p is defined in the same manner.
NES

Proof. Splitting the constant part and variable part in the integral, we have

Hi+%,jdi+%7j_Hi+%,j (pz-&-lu sz) H;, h UH.Z J

+ / (U*=Vp)-ndy.

Ei+%jmﬂ

From the definition of divergence,

1 h h h
E(Dd ) ]d1+ \J Hz—*sz—fj
+H; o ad —H o dl

ij+3 %+ ij—3%j—%"
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Using the split, we have

1
E(Ddh)ij:Hi+%’j(piﬂJ_pij)_Hi*%’j(pij_pi*”)—i_m
_hHZ+%’]u;k+%,]+hH’L*%,ju;k—%)]—i_
+ / (U*—Vp) - -nds.
BCUOQ

Since U =U*—Vp satisfies U'n=0on I and V-U =0 in €2, we have

0= / V-Udx= / U-nds+ / U-nds= / U-nds.
c

ijﬂQ OCUOQ Cf,jﬂI‘ BCW-OQ
Thus,

1

> (Dd"),. = (L"p),;— (DU*);;+0=(L"p),. — (L"p"),,-
0

DEFINITION 3.10 (Big-oh notation). For a given quantity vy, depending on step
size h, we write

Vp = O(ha)
for some real number a >0, provided there exist two constants C,D >0 such that
|vp| <Ch®

for all h< D.
Now we estimate the size of consistency in the decomposition.
LEMMA 3.11. For each i and j,

dh {O(hg) iinJr%,j:la

30 T\ Oh2) if0<H, <1, (3.3)

h

and the same result holds for d; JIEp
)T 2

. : . Pit1.,=Pij _ Op *
Proof. Using Taylor series expansions for =#=—= — 2% and for u (ml +%,y) —

u* (xi_%,yj), we obtain the following. If Hi+%,j =1, then

h3 0%p h3[ 0% (0p
h = 2 P [P P (et ) .
%vy= 24 Ox? (m”%’y]) 24 [83/2 <8x u)} (m“r%’y]) L

If0<H;,1 ;<1 then

1-H, 1 .79 /0
hoo o _p2_ Tt | 9 (O ) e
S (ICE [

These two relations show the lemma. O
Now we are ready to state our main result.
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THEOREM 3.12 (Convergence of gradient). Given a smooth vector field U* | let
U be its analytic Hodge projection and U" be the numerical approzimation from the
Gibou-Min method, then HU— UhHL2 =0 (h1'5) .

Proof We decompose the vector field U—U" as U—-U"=(U*~Vp)—
(U* h). Since G is the standard central finite difference operator, Vp—Gp=
O (hQ) Hence it is enough to show HGp GthLz =0 (h1 5)

From Lemmas 3.5 and 3.9, we have

<;1th‘G(P—Ph)aG(p p)> hlg<hDdh Lh(p—ph),p—ph>:o.

Using this orthogonality, we have
1 2
Zth”—G(p—ph) +&e=p")]}
L2 L2
2
> |G (p=p")IL.

Then it is enough to show that ||%thQL2 =0 (hg) Now we use the size estimate for
d",

2
1

—dh
’h

IS S
- Y om)+ 3 O (h*)

Hipy i1 =1 O<Hi 3 pHi ;01 <1

=0(h?)O(h%)+0(h ")O(h*)=0(h?).
Here we used the fact that the number of inside edges, where H =1, grows quadrati-
cally, and the number of edges near the boundary, where 0 < H <1, linearly. O

4. Numerical test

In this section, we numerically test the Gibou-Min method in two and three
dimensions to validate our analysis. The tests are performed with a uniform grid
spacing 3/N, where N is the number of grid points on one direction. Our analysis
showed that the L?-norm of the error U —U”" decreases at least as fast as h'®. Our
numerical results also show the same order, which suggests that our analysis is op-
timal. The associated matrix with the Gibou-Min method is sparse and symmetric
positive-definite, and was solved by the Conjugate Gradient method with stopping
criteria [|r™|| < ||r°||- 10712

4.1. Two dimensional example
In Q= {(z,y)|z? +y> <1}, we take a vector field U= (u,v) with u(z,y) =—2zy+

\/;217 and v (z,y) =322 +y? — \2/“"% and choose a scalar variable p(z,y) =e" Y.

2 b
U was chosen such that U-7=0 on 99 and V-U=0 in Q. On the vector field
U* =U + Vp, the Gibou-Min method computes its discrete Hodge projection U”. The
convergence behaviors are reported in Table 4.1.

4.2. Three dimensional example

In Q={(z,y)la?+y*+22<1}, we take a vector field U=(z?z+
3y%2z—2xyz,—x3 —xy?) and a scalar variable p(x,y,z)=e*"¥"*. Note that U-7i=0
on JQ2 and V-U=0 in Q. The run of the Gibou-Min method on U*=U+Vp is
reported in Table 4.2.
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grid HU—U"HL2 order
40% | 6.67x1073
807 | 2.48x107 2 | 1.42
1602 | 8.14x10~% | 1.60
3207 | 3.05x10~% | 1.41
6402 | 1.01x10~% | 1.58

TABLE 4.1. Convergence order in the two dimensional example

grid HU_Uth order
20% | 1.11x10°2
40% | 3.89x1073 | 1.51
80% | 1.31x1073 | 1.57
160% | 4.43x10~% | 1.56

TABLE 4.2. Convergence order in the three dimensional example

5. Conclusion

In this work, we performed convergence analyses for the Gibou-Min method that
calculates the Hodge projection. We introduced a discrete integration-by-parts, and
an L2-orthogonality theorem. Using the L?-orthogonality between the error vector
Gp—Gp" and the consistency d", we proved the estimate ||U —U"|| 2 =O(h®). Ac-
cording to our numerical tests, the estimate |U —U"| = =O(h'®) is tight.
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