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Abstract

This article presents a concrete mathematical analysis on Information-Theoretic Metric Learning(ITML)[4]. The
analysis provides theoretical foundation for ITML, by supplying well-posedness, strong duality, and convergence. Our
analysis suggests the correction of a typo in original ITML article [4] that may lead to the loss of accuracy in the metric
learning. The necessity of this correction is confirmed by several numerical experiments on supervised learning.

1 Introduction

Many algorithms in machine learning depend on the setting of distance metric to measure similarities of data [9]. In the
classification of data, K-Nearest Neighbor (KNN) [3] uses a metric to identify the nearest neighbors. One of the most
popular algorithms in data clustering is K-Means algorithm [11] which is also dependent on the distance measurement
between data.

The simplest distance metric to consider is Euclidean distance, which is a measurement to represent the distance
between two points. Despite of its simplicity, Euclidean distance is often not suitable for distributed data due to the lack
of information about correlation of data sets. Among many attempts to overcome this limitation, Mahalanobis distance
[12] is one of the well-known distance metric. Mahalanobis distance of two points is defined by

dMahat (Tis Tj) = \/(xz - xj)T - (x; — xy)

where ¥ is the covariance matrix of the data. This metric not only measures the distance between two points, but also
reflects the correlation with given data sets. However, it is hard to obtain the true covariance of data in practice.

Tons of researches have been done to resolve this issue by learning a distance metric to approximate the covariance
matrix X. The earliest attempt was the work of Xing et al. [14], where the Mahalanobis metric learning was conducted
in a way that maximizing the sum of distances of between dissimilar pairs while keeping the sum of distances between
similar pairs small. Weinberger et al. [13] proposed a metric learning method so called Large-Margin Nearest Neighbors
(LMNN) based on a statistical learning on a pseudo-metric for KNN classification.

In this article, we focus on Information-Theoretic Metric Learning (ITML) suggested by Davis et al. [4], which has
been one of the most efficient metric learning methods. Unlike previous works, ITML has no projection step on the positive
semi-definite cone which is computationally expensive. The main point of their work is that a metric learning procedure
can be seen as LogDet divergence regularization. The LogDet divergence is a Bregman matrix divergence generated by
the convex function ¢ (X) = —log |X|, where X is a positive definite matrix. The Bregman divergence on positive definite

matrices is defined as
Dy (A, Ag) = tr (AAgl) — log |AA51| -n (1)

where n is the dimension of the input data. The formulation of ITML proposed in [4] is the following LogDet optimization
problem:

min Dyg (A, Ao) +7 - Dig (diag (€) , diag (§0))
subject to tr (A (2, — xj) (v — xj)T) < &e(in) (t,j) € S (2)
tr (A (x; — xj) (z; — xj)T) > &e(ing) (4,5) € D

Here, S, D denote similar and dissimilar sets, respectively, and the slack variable £ is introduced to guarantee the existence
of a feasible solution A of (2).



In [4], authors solved the optimization problem (2) with the iterative method based on the Bregman projection, the
Bregman iteration. This is an extension of the work of Kulis et al. [10]. The Bregman projection is simply performed by
the following iterative procedure

At+1 :Af+ﬂAt (ZL'Z 7l‘j) (xi—zj)TAt (3)

where x; and z; are the constrained data and 3 is the projection parameter computed through the algorithm.

The main purpose of this article is to provide a mathematical analysis on the ITML algorithm. ITML has been one
of the most applied algorithm in various fields of machine learning. Nevertheless, there have been no concrete analyses
of the algorithm, especially on the Bregman iteration in the algorithm. Up to the current, ITML algorithm has been
cited thousands of times and applied to numerous areas. To our best searches, a formal discussion of such analyses is still
missing. It can be said that most of its users take just for granted the well-posedness and the basic convergence. Our
aim is to furnish ITML algorithm and its wide-ranged applications with mathematical foundation. Our study reveals that
there is a typo in ITML manuscript [4] that can lead to a serious flaw, and presents its correction.

An outline of the article as follows. In section 2, we present a brief explanation of the Bregman iteration. Section 3
provides a mathematical analysis on ITML and a correction to original ITML paper [4] based on this analysis. Several
numerical experiments are implemented in section 4 to verify the necessity of a correction from section 3. The last section
includes conclusions.

2 Bregman Iteration
Note that the formulation for ITML (2) is a constrained optimization problem as follow:

Minimize flx) (@)
Subject to =z € C;,Vie {1,...,m}

In this section, we will present a brief review of the Bregman iteration [2], which is one of the most successful algorithm
in convex optimization.

Assume that the closed convex sets C; for the constraints are given for ¢ € {1,...,m} and R = NI, C; is not empty.
The key idea of Bregman iteration is to find extrema of f(z) via the function D : S x S — R satisfying the following six
conditions.

I. D(z,y) >0, D(x,y) =0 if and only if = y.
IT. For any y € S, i € T, a point x = P;y € C; NS exists such that

D(z,y) = min D(z,z)

This point x is called the D-projection of the point y onto the set C;.
III. For each i € T, y € S, the function G(z) = D(z,y) — D(z, P;y) is convex over C; N S.
IV. A derivative %—Z(w,y) of the function D(z,y) exists and %—?(y,y) =0.
V. For each z € RN S and for every real number L, the set T = {x € S|D(z,z) < L} is compact.

VL If D(z™,y") — 0, y® — y* € S, and the set of elements of the series {z"} is compact, then z" — y*.

Once the function D(z,y) is chosen, the optimization problem (4) can be solved by the iterative process

n+1 _ . D n
arg min (z,2™) (5)

xT

as was proposed by Bregman in [2]. We restate the convergence result of the iterative process (5) from [2] to be self-
contained.

Lemma 1. For any sequence of indices, we have the following:
(1) The set of elements of the relazation sequence {x™} is compact.
(2) For any z € S, there ezists lim,,_, oo D(z,2™).
(3) D(z™*1 2™) — 0 when n — co.



The universal choice for the function D is the one so called “Bregman distance”. The Bregman distance corresponding
to a convex function f at the point y is defined by

D(z,y) = f(z) = fly) = (V[(y),z —y) (6)
With the Bregman distance, the optimization problem (4) for the inequality constraint

Minimize f(z) B (M)
Subject to x € R=nN",C; = {z|Az > b,z € S}

was proved to be convergent provided the function D satisfies the following additional two conditions.
VII. The function D(z,y) is defined when z € S,and if y” — y* € S, then D(y*,y") — 0.

VIII. The D-projection of any point x belonging to the interior of the set S onto the set {x|Az = b} also belong to the
interior of S.

We finalize this section with restatement of the convergence result of the problem (7) from [2].

Theorem 1. Assume that Bregman distance D(x,y) satisfies the conditions I-VIII. Then, the sequence {z™} obtained as
a result of applying KKT conditions on (7) converges to the point x*, which is a solution of the problem (7).

3 Mathematical analysis on ITML

In this section, we provide a concrete mathematical analysis on ITML algorithm. There are three parts in the analysis. The
first part checks the well-posedness of the optimization, the second part discusses the strong duality of the optimization,
and the third one presents the convergence analysis of the Bregman iteration.

3.1 Well-posedness of optimization
ITML algorithm solves the following minimization problem with linear constraints.
Given Ag € (S7)°, & € (D7)’
{vla"' ,Um} eR"
{517 U ,5»,”} S {il}v and v E R-‘rv
minimize f (A,&) := D (A, Ag) +vD (£, %)
subject to A — Ag € ST and { — & € DI
(A,6) € Ci ={(A 9] ((Av]) = &) 6 <0}, Vie{l,--- ,m}. (8)

Lemma 2. Let R be the set of (A,§) satisfying the constraints, then R is nonempty, convex and closed.

Proof. The choice of A = Ay and £ with §; = <A0,viv;f>, Vi satisfies the constraints, and C; is nonempty. S% and DT’
are closed convex, and so are their affine translations. Each linearly constrained set is closed and convex. Since R is the

intersection of closed and convex sets, R is closed and convex. O
Lemma 3. For A€ S, —log|A| = -1 log\; and 8% [~log|A|] = —A~Y, where Ay, - -+, \, are the eigenvalues of A.
Proof. See page 641 of [1]. O

Lemma 4. f(A,§) is convez in the domain (Ao + ST) x (S + DY'). Furthermore, f(A,€) is strictly convex in the
interior and takes value +o00 on the boundary.

Proof. When (A, ¢) is on the boundary, either A — Ag € 9S7T or £ — & € 0D, which implies that either A — Ay or £ — &
has a zero eigenvalue. By Lemma 3, f (A, &) = +oo in either case.
Take any (A1,&1) and (Ag, &2) from the domain. For A € (0,1), consider the inequality of the convex condition,

(1= f (AL &)+ A (A2,82) > F((1=A) AL+ Mg, (1= A) & + Aa) -

When (41,&1) or (As,&2) is on the boundary, LHS becomes +o00, and the inequality holds. Otherwise, both are inside.
As shown in page 74 of [1], —In|- | is strictly convex interior of S%, and so is D (-, Ag) in (Ao + Sﬁ)o. In the similar
manner, D (-, Ap) is strictly convex in (50 + DT)O, and so is f (A4, &) in the interior domain. O



Lemma 5. f(A,¢) is coercive in (AO + Sﬁ) X (fg + DT)

Proof. When || (4,8) [|= /| A2 + || € ||2 = +oo, either | A || = +oc or || £ ||— +o00. We show that D (A, Ap) is coercive
in Ag + ST. The other case can be similarly dealt with

D (A, Ag) = —log |A| + log |Ao| + (A — Ag, Ag")

Let A= )\11)11),111 + -+ )\nvnvg;, >\i > 0, Vi -V = 5ij and AO = ,ulwlw{ + -+ unwnwg, 122 > 0, w; - w; = (Sz]
Since 377 (v; -w;)? = 1, we have

D (A, Ay) = Zlog)\ +Zlogu]—n+zz

21]1

:_ZlogAZ v; - wj) +Zlogugz vi - wy) ””ZZ
=1 j= 1
iZ(logAi+loguj+lyl> (Ui‘wj)2

i=1 j=1 J

—i Z(_l )\f—l)(vi'wj)z

Hy Hj

Consider # — Inz — 1> % (Inz)?, if z > 1.
As | A= (A, A) = VA1 + X\, — 00, we have max (A1, -, \,) — oo. This implies that

D (A, Ag) > >
iz
1
2

( —log — — 1) (v; -wj)z, for some i, — >1
Hj K K

. % 2
log) Vi - W,
1( s (vi - wy)
2

Theorem 2. ITML optimization described by (8) has a unique solution.

Proof. By Lemma 2 and Lemma 4, ITML optimization is a proper convex optimization problem. Since f (A,¢) is strictly
convex inside and finite only inside, the minimum point is unique. By Lemma 5, a minimum point exists by Proposition

VI.2.2 in [6]. O
3.2 Strong Duality

ITML optimization has m number of linear constraints, but Bregman iteration solves the optimization with a single linear
constraint that is iteratively chosen from the m constraints. In this section, we analyze the duality of the optimization
with a single linear constraint.

33l P ") = it p 6 (%)

Here, H = {z = (A,£) 16 ((A,vv] ) — &) < 0}, and the Lagrangian is denoted by
¢ (z,2";0) =D (z,xk) + ad (<A, viviT> — &) .
The weak duality, which holds by default, is the inequality,

inf sup ¢ (z,2";a) > sup inf ¢ (z,z"; ).
xESOéGR+ acRy zesS

The strong duality, which may not hold in general, is the equality in the above. A consequence of the strong duality is
the extremal condition between primal and dual optimizations, the so called Karush-Kuhn-Tucker (KKT) condition.



Lemma 6.

=l AR - SA e S
Proof. When x = (A,§) € 0S5, either A or € has a zero eigenvalue, — log |A| — 7 log |¢| = +00. Consequently ¢ (x,z™; o) =
+00 on 05, and the infimum is attained inside S. The result follows from the coercivity of D (x, ack) in Lemma 5 and
Proposition IV.2.3 in [6]. O

Lemma 7. sup,cp, infyes @ (a:, x"; a) = maXqaer, iNfyes @ (x, z", a)

Proof. Let g(a) = inf,cq ¢ (:E,xk; a). It is enough to show that g is coercive in each of the following cases. Then the
result follows again from Proposition IV.2.3 in [6].

(a) Case 6 = —1

Take v = (2,€) = (A" +v;v],€¥). Then ¢ (z,2%0) = —alvs]|* + (const w.r.t.) and g(e) < —a|v;||*. Thus
g(a) = —o0 as a0 — oc.
(b) Case § =1

Take z = (z,£) = (A%, ¥ +¢;). Then ¢ (z,2";«) = —a + (const w.r.t.a). Thus g(a) = —oo as a — . O

Theorem 3. (KKT condition) There exists a unique solution x = (A,§) for inf D (J;, xk) subject to x € SN H, and x is

characterized by
«a = min (O, ﬁéi (gik — %))

_ Ak ad; k), ., T Ak
A =AY - s ANy A

& = EFy
¢ y—ad;F

where p = <Ak,viv?> and §; = 55-“ when j # 1.

Proof. By the above two lemmas and Proposition VL.1.2 in [6], there exists a saddle point @ = (A,&). Being strictly
convex in S, the saddle point is unique. By the extremal condition of Proposition VI.1.6 in [6], we have

—A 14 A;l + aéiviviT =0
(et et - we) 0 =0

when « £ 0 or a > 0,

or

A7 = (Ak)71 + advivl
e () e,

By Sherman-Morrison formula, we have

0
A=AF - 2% AkyT AR | and
14 oz&ip
£ = yeF
oy —adiel
Finally, from (A, viv]) — & = 0, we obtain o = 11 - §; (gik _ %). 0

3.3 Convergence of Bregman iteration

In this subsection, we consider the application of Bregman iteration to solving ITML optimization. As reviewed in Section
2, Bregman iteration was proved to be convergent if the Bregman distance D, generated by an objective function f(x)
satisfies conditions I-VI and VII-VIII.

Let S = (Sﬁ)o X (DT)O and f(x) = D (4, Ao) + v - Dy (diag (€),diag (§o)), where z = (A,£). We begin with
computing the Bregman distance Dy generated by f(z).

Lemma 8. Dy (z,y) = Diq (A, B) +vDiq (diag (§) , diag (¢)), when x = (4,&) and y = (B, ().



Proof. By Lemma 3, Vf (y) = (=B '+ A5,y (—¢"' +&")). Then
Dy (z,y)=f(z) = fy) — (@ —y,VI(y)
= Dia (A, Ao) + vDia (diag (§) , diag (§0)) — Dia (B, Ao) — vDia (diag (¢) , diag (o))
~ (A= B, =B~ + A7") — 5 (diag (¢) - diag ) , ~diag ()" +diag (€) )
= —log|A| + log|B| + <A - B,B_1>
+ (— log|diag (§) | + log|diag (¢) | + (diag (&) — diag (¢) ,diag (¢) "))
= Diq (A, B) +vDiq (diag (€) , diag (¢)) -

Hence, we prove that the Bregman distance D; in lemma 8 satisfies conditions I-VI’ and VII'-VIIL.
Lemma 9. Dy satisfies the conditions I-IV.

Proof. By Lemma 4 and Lemma 5, —log | -| is strictly convex and continuously differentiable in (S%)° and in (D7)°, and
sois f(z) in S. By the argument in page 206 of [2], conditions I-IV are satisfied. O

Lemma 10. Dy satisfies the condition V.

Proof. Condition V holds true when D (z,y) is coercive with respect to y. D (z,y) = Diq (A, B)++vDyq (diag (§) , diag (€)),
where z = (4,¢) and y = (B,(). It is enough to show that Dy (A, B) is coercive w.r.t. B. Let A = Y1 | pv;v] and
B =371 Awiw]

Dyq (A, B) = —log|A| + log|B|+ (A, B™") —n

:_Zlog(ui)—FZlog()\j)—FZZ%(Uz'.wj)2_n
—ZZ( 1)( ;)

=1 j5=1
Note that z —Inz —1 > (L -1)if 0 <z < 1. As || B ||= /(B,B) = A2+ A3+ -+ A2 — oo, we have
max (A1, -, Ay) — co. This implies that
Dld AB ZZ< 1>( U)j)Q
=1 j5=1 ]

>Z(’“”1g1>( -w;)? for some j
213 (2= 1) ooy

Y

Lemma 11. Dy satisfies the condition VI.

Proof. Let z*F = (Ak,gk) and y* = (B’“, C’“) for each k, and y* = (B*,(*). Using the orthogonal diagonalization, we have

AR = Mol (oB) T ARk
BF = bt (wh)" 4o+



where the eigenvalues are listed in the increasing order. Since D (xk, yk) = Dy (Ak, B’“) +vDyq (g’@, Ck)—> 0, we also

have D4 (Ak, Bk> — 0.
k pk - )\? ko k)2
Dld A B ZZ % -1 (Ui 'wj)
i=1 j=1 Ky

Step I : we show that A\f — u7.
Otherwise, for each small ¢ > 0, there are infinitely many z*’s such that either \¥ € (—oo,u} —¢), or \¥ ¢

(1 + €, 5 — ¢). Then

k pk - i AT ko, k)2
hm Dy (A B ) > lim E — —log | — | -1 (111 -wj)
1 \Hi Hj

k—o00
j:
n
pU U
=z<1—%(1)4yﬁwﬁ
j=1 Hj Kj
(loge)®
1>0
> 1 >0,

which contradicts the assumption that Djq (A’“7 Bk) — 0.
Step II : we show that vf — w?, the first eigenvector. We may assume u} < u3, otherwise wj can be taken as the first

eigenvector.
Otherwise, for each small € > 0, there are infinitely many z*’s such that Y7, (vf - w;-‘)2 > ¢e. Then

lim Dy (A¥, BY) > lim (% ~log (Zi) - 1) (of - wk)”

k—o0
j=1

> (ﬁtilog(ui) 1)e>0,
H2 Ho
which contradicts the assumption that Dyq (A%, B¥) — 0.

Step III :
we showed that the argument is true for the first eigenpair. We can recursively apply the argument to the next
O

eigenpairs to show that A¥ — B*. The case of Dy (5"3, Ck) can be similarly treated.

Lemma 12. Dy satisfies the condition VIL

Proof. Let y* = (Bk, Ck) for each k, and y* = (B*,(*). Using the orthogonal diagonalization, we have

B* = pjwt (wi)" + -+ pwy (wh) "
AT T
BY = bk (wh) " 4o+ bk )
where the eigenvalues are listed in the increasing order. Since y* — y*, we may assume p¥ — p and w¥ — w; for
n. By Lemma 9 in [10], {yk} and y* shares the same range space, so that (B*)f1 can be defined in the

eachi=1,---,
pseudo inverse on the range space, where p* # 0. Then

The case of Dy (Ck, C*) can be similarly treated.

Lemma 13. Dy satisfies the condition VIII



Proof. Let H; = {(A,&) | (A, viv]) — & =0}. For each z = (4,¢) € (S ) (Dm) let (B,() = argmin,cq, Df (2,2)
be the D-projection of (A4,&) on H Then (B, () is characterized by the KKT cond1t1on.

{( Bl 4 Ay (¢ +eY) = A (vl —e)
(B,oT) = ¢ =0

As the proof in the theorem 3, we can utilize the Sherman-Morrison to obtain

__0 1 1
C 14 \ (A v]) g

A
B=A Avivl A
+ 1=y V;0;
where p = <A VU > For any w, we have
<B,wa> = <A,wa> + T <Av,v A, ww >
A(vi -4 w)2
=llwlly + ==
1= Afoilly
2 2 2 2
ol = A (Il sl = @i -aw)?)
= . >0
1= Alvilly
Hence, B is symmetric positive definite which proves our lemma. O

Theorem 4. Let z* = (Ak,é“k) be generated from ITML algorithm, then x* converges to the unique solution of optimiza-
tion (2).

Proof. Lemma 9713 proved that D satisfies all the required conditions I~ VIIL. Then the convergence follows from Theorem
1. O

3.4 Correction on ITML algorithm

ITML algorithm, briefly speaking, is an application of Bregman iteration on the constrained optimization. Figure 1
shows the ITML algorithm that was posted in [4]. Through our mathematical analysis, we found out a typo in the
posted algorithm, and put forth a correction in Figure 1. The authors of [4] should have noticed the typo, since their
programming code open to public (http://www.cs.utexas.edu/users/pjain/itml/) uses the ITML algorithm with correction.
The following section shows that the typo may lead to a great loss of performance.

To our best searches, however, a correction of the typo has not been reported.

4 Numerical results

In this section, several numerical experiments are implemented to verify the necessity of the correction suggested in
the previous section. We have tested with three different examples including popular applications of ITML, supervised
learning. For the comparison purpose, we implement a corrected ITML algorithm with several value of 7 in each example
and compare with the case of v = 1 which corresponds to the original ITML algorithm.

4.1 Simple 2D example

For the first example, we take a simple two-dimensional example. Given four points {(—1,0),(0,-1),(4,3),(2,4)} , let
{(=1,0)_,,,(0,-1)_,, } and {(4,3)_,,,(2,4)_,,} be similar pairs. Let us set & = 0.1 when § = 1 and & = 0.9 when
0 = —1 . To simply check the constraints, denote two vectors vy and vy as v1 = (x1 — x2) and vy = (x3 — x4). With this
example, we only compare outputs of two algorithms and satisfaction of constraints.

Testing with two different v, v = 0.1 and v = 0.01, we can observe that outputs A are different. Table 1 shows the
results computed with the corrected ITML and the original ITML. If we take a large value of ~,such as v = 10000, then
the output of original ITML gets smaller to be zero. Thus the original ITML with typo is more dependent to given value
of v and it affects to the result.



Input: X: input d X n matrix, S: set of similar pairs
D: set of dissimilar pairs, u, l: distance thresholds

A,: input Mahalanobis matrix, y: slack parameter,

Input: X: input d X n matrix, S: set of similar pairs
D: set of dissimilar pairs, u, l: distance thresholds

Ay input Mahalanobis matrix, y: slack parameter,

c: constraint index function c: constraint index function

Output: A: output Mahalanobis matrix Output: A: output Mahalanobis matrix

1.A<—A0, }.”(—‘Jvl,] 1.A<—A0, AU<—0V1,]

2.¢cujy < u for (4,7) € S, otherwise ¢y jy « | 2.¢cijy < u for (i, ) € S, otherwise &¢(; j) « |
3. Repeat 3. Repeat

3.1. Pick a constraint (i,j) € S or (i,j) € D 3.1. Pick a constraint (i,j) € S or (i,j) € D
T
32.p « (xi — xj) A(x; — xj)

33.6 « 1if (i,j) € S, —1 otherwise

T
32.p « (xi - xj) A(x; — x;)
33.8 « 1if (i,j) € S, —1 otherwise

1 1
G-) >]
35.8 « ya/(1 — Sap)

3.6.8ci ) < Vécap/ (v + daéeq )
3.7. }.” — /1” —a

s(i__vr

2 (P fc(i,j)) )]
3.5.8 « ya/(1— Sap)

3.6.¢cipy < Yecapn/ v + 6adewp)
3.7. A’U — ﬂ'l] —-a

Sy

3.4.[0! «— min( Aij: m

3.4.[0( < min( 4;},

38. 4 A+BA(x —x)(xi—x) A 38. 4 A+ PA(xi—x)(x —x;) A

4. Until convergence 4. Until convergence

Figure 1: ITML algorithm posted in the paper [4] (left) and corrected in this manuscript (right). A typo and its correction
are put into boxes for the comparison.
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43

1,0

©,-1)

Figure 2: Given dataset {(—1,0),(0,—-1),(4,3),(2,4)} with {(—=1,0),(0,—1)} € S and {(4,3),(2,4)} € S.

4.2 KNN classification with Iris dataset

To perform an application of ITML, we take Iris data set [5] for KNN classification. We give fixed 6 pairs for constraints,

then set £ = 0.5 when § = 1 and &, = 2 when § = —1. For given v € [0.001, 100], we can easily find that the performance
of two algorithms are different. The results are shown in Table 2.

4.3 Face identification

The goal of face identification is to determine well whether two images of faces are the same person or not. In the paper
[7], they considered face recognition with the metric learning. Hence face recognition one of the most popular applications
for metric learning. We tried to perform similar work with ITML metric learning, using Labeled Faces in the Wild (LFW)
data set [8]. There are more than 13,000 images of faces in the LFW data set. We took 1288 samples with 7 classes from
the data set that has at least 70 pictures of the same person. For the feature extraction, we applied Principal Component
Analysis method (PCA). For ITML metric learning, given the number of constraints is 200. Finally we performed kNN
method for classification. We changed v with various range, and the following results are notable cases. As we can check
in the Table 3, there are big differences in the accuracy in both cases.



v=0.1
Output: A

Original ITML (typo)
e 0.4667 0.2667
~\ 0.2667 0.8667

Corrected ITML

A— 0.3492 0.3318
~\ 0.3318 0.6985

0.1000 0.3841
¢ &= < 0.1667 &= ( 0.7682
constoaints | (AoreTy =€ =0.700000 > 0 A, u0TY — & = —0.000001 < 0
A, vl — & =1.500000 > 0 A, voudy — €& =0.000000 < 0
~=10.01 Original ITML (typo) Corrected ITML
1 0 0.7091 0.1703
Output: 4 A= ( 0 1 > A= ( 0.1703 0.8821 >
0.1 1.2507
¢ 5<0.1 g(3.0374)
constoaints | (AoreTy =€ =1.900000 > 0 A, 00Ty —& = —0.000023 < 0
A, vl — & = 4.900000 > 0 A, voud) — €& =0.000000 < 0

Table 1: When v = 0.1, as shown the above table, constraints are not satisfied in the case of original ITML. In the case
of v =0.01, the original ITML algorithm with typo does not work.

accuracy (%) | Original ITML (typo) | Corrected ITML
v=0.1 88.0 91.3
v =0.01 87.3 91.3
v = 0.001 87.3 90.7
v =10 90.7 92.0
~ =50 85.3 91.3
~ =100 82.0 913

Table 2: Accuracy of Iris dataset with several value of ~.

5 Conclusion

We provide a mathematical analysis on ITML. The mathematical analysis supports the theoretical foundation of ITML,
by supplying well-posedness, strong duality, and convergence. Furthermore we corrected a typo in ITML. Empirical results
were presented to show that the typo may mislead to a great loss of performance.
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