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Abstract

The Hodge decomposition, that is an important feature of incompressible fluid flows, is orthogonal and the
projection taking its incompressible component is therefore stable. The decomposition is implemented by solving
the Poisson equation. In order to simulate incompressible fluid flows in a stable manner, it is desired to utilize
a Poisson solver that attains the orthogonality of the Hodge decomposition in a discrete level.

When a Poisson solver induces the orthogonality, its associated linear system is necessarily symmetric. With
this regard, the symmetric Poisson solvers [9, 8] by Losasso et al. are more advantageous not only to efficiently
solving the linear system but also to stably simulating fluid flows than nonsymmetric ones. Their numerical
solutions were empirically observed to be first and second order accurate, respectively. One may expect that
each of their numerical gradients has convergence order that is one less than that of its numerical solution.

However, we in this work show that super-convergence holds true with both Poisson solvers. Rigorous analysis
is presented to prove that the difference is one half, not one between the convergence orders of numerical solution
and gradient in both solvers. The analysis is then validated with numerical results. We furthermore show that
both Poisson solvers, being symmetric, indeed satisfy the orthogonal property in the discrete level and yield
stable implementations of the Hodge decomposition in octree grids.

1 Introduction

Physical phenomena in many cases are multi-scaled. To efficiently resolve its small scales, it is requested to adopt
adaptive grids that can allocate more computational resources to the regions of smaller scales. Octree grid achieves
the adaptivity by just recursively splitting cells containing the small scales. The grid generation is very fast and
efficient, compared to triangular meshes. However, in octree grids, two neighboring cells may differ in their sizes and
do not share the common face, giving rise to T-junctions. The presence hindered the progress of efficient Poisson
solvers in octree grids. Compared to the long history of finite element methods [7, 15] on triangular meshes, it is
quite recent to see some on octree. Popinet [11] introduced a second order accurate method and Min et al. another
one with smaller numerical support [10]. The associated linear system of each method is nonsymmetric.

Losasso et al. [9] introduced a symmetric method on octree grids whose numerical solution is first order accurate.
Later on, they enhanced the first order accuracy to the second order [8] while maintaining the symmetry. We note
that symmetric methods are more advantageous not only to efficiently solving the linear systems but also to
stably simulating incompressible fluid flows than nonsymmetric ones. The Poisson equation has many equivalent
formulations, among which we pay attentions to the formulation that characterizes its solution as the minimizer of
an L? energy [1]. The energy minimization is related to the stability of Hodge projection that plays an important
role in incompressible fluid flows. While the analytic solution of the Poisson equation is the minimizer of the
energy, a numerical solution of the equation may not be the minimizer in discrete level. To yield robust and reliable
simulations of incompressible fluid flows, a numerical solution is desired to also satisfy the minimization property.
A necessary condition of the minimization property is that the associated linear system is symmetric.

A main object of this study is that the two symmetric Poisson solvers indeed satisfy the minimization property.
As a consequence, the Hodge projection induced by each of them is stable. Another main object is to present
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and prove the super-convergence for each solver. Usually, a numerical gradient has convergence order that equals
the convergence order of its corresponding numerical solution minus one. However, in solving elliptic problems
with uniform or nearly uniform grid cells [6], the order of the gradient may not drop to the usual order, so called
super-convergence. In octrees, the order of accuracy is measured sequentially, starting from an arbitrary octree and
splitting all the leaf cells. In the measurements, there can be many levels, but the cells of each level are of the same
size. We found out that super-convergence occurs in each of the two methods and provide in this work a rigorous
analysis for the super-convergences.

A conventional anaylsis [3, 14] for Poisson solvers with Dirichlet boundary conditions first measures their errors
near the boundary, and then moves on to inside estimation using maximum principle and Perron-Frobenius theorem
[13]. In the case of Neumann boundary conditions, with which the two symmetric Poisson solvers are imposed,
there is no place in which the error is a priori known. In our earlier work [16], we proved a super-convergence
of Purvis-Burkhalter method [12]| that deals with Neumann boundary conditions. A key idea in the work is to
represent consistency error as an image of divergence operator and use discrete symmetries.

We continue with the earlier research in this study to prove the super-convergences of the two symmetric Poisson
solvers. Numerical gradient and divergence operators are defined, and their symmetries or integration-by-parts are
shown. The consistency error of the first order method is represented as an image of divergence, and then the
numerical gradient of the first order method is shown to be 1/2 order accurate. Up to this point, the study has
almost a word-to-word correspondence to the earlier research. However, the super-convergence of the second order
method cannot be proved by the eariler methodology alone, posing a new challange. The second order method
ingeniusly employs an averaging operator on the first order method. The L? norm of the average operator is less
than or equal to one. The norm estimation of the operator in the reverse direction turned out to be crucial to
proving the super-convergence of the second order method.

This article consists of five sections. The second and third sections introduce mathematical analyses on the two
Poisson solvers, and numerical results in the fourth section validate the analyses. In specific, section 2.1 defines
three numerical operators by which the two solvers are briefly formulated. The symmetry relations between the
numerical operators are reported and proved in section 2.2. Both solvers are shown in section 2.3 to satisfy the L2-
minimization and consequently induce stable Hodge projections. Section 3 begins with representing and estimating
their consistency errors as the images of numerical divergence. The section then introduces the norm estimation
in the reverse direction and proves the super-convergences of the two methods. Some theorems entail very lengthy
proofs, which were put in the appendix.

2 Symmetric Poisson Solvers in quad/octrees

In this section, we first define three numerical operators in quad/octrees, by which the two symmetric Poisson
solvers are efficiently formulated. We then show the symmetries of the numerical operators, through which the two
solvers are shown to satisfy the minimization principle [1]. Furthermore, the Hodge decomposition induced by each
of the solvers is shown to be stable.

2.1 Numerical operators

Figure 1 (left) depicts the MAC configuration, where pressure is sampled at each cell center and velocity components
at cell faces. In Figure 1 (right), A;; denotes the face between two adjacent cells C; and C;, and its control volume
is the rectangle of size A\;; x |A;;|. Given a pressure variable p defined at cell centers, numerical gradient G" defines
a variable Gp at cell faces as

pj —Pi pj —Pi
Ghp)ij =+ =042 1
( p)m ﬁij Oij Aij ) ()

where 0;; = (1,1) - n;; marks the direction of the outward unit normal vector n;; of the cell C; at the face A;;.
Conversely, given a velocity variable f at cell faces, numerical divergence D" defines a variable D" f at cell centers
as

(D"f)i= > fijlAijl o, (2)
C;~C,;
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Figure 1: The MAC configuration in quadtree (left) and the control volumes (A;; x |4;;|) of faces A;; fill the domain
without any overlap (right).
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Figure 2: ﬁkipi is not approximating 22 at all, for k = 1,2,3. However, 2 *A;p  is approximating the derivative
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with the first order accuracy.

where the summation runs over all the cells C; adjacent to C;. Utilizing numerical gradient and divergence operators,
the first-order Poisson solver is formulated as

D*G"pl, = D'U, 3)

where U*" := O'ij(U;; -n;5). It approximates the following Poisson equation with Neumann boundary conditions in
a rectangular domain 2.
Ap=V - -U* inQ
o . (4)
£ =U"-n ondQ

To enhance the order of accuracy, the authors in [8] noted that the convergence order of the numercial gradient
is merely zero whenever two adjacent cells differ in sizes, and could increase the order by taking an weighted sum
on numerical gradients. For example, the cells C;,,C},, Cj, in Figure 2 are not horizontally aligned with C;, which
causes the inaccuracy of (G"p)ij,, (G"p)ij», (G"D)ijs- As illustrated in the figure, a recursive averaging on the small
cells can make it aligned:

Aij n ox

The recursive averaging on pj,,pj,,pj, can be cast into a weighted average on (G"p)ij,,(G"p)ijy, (G"D)ij, as
follows:
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For a velocity field f defind at call faces, the weighted averaging, denoted by W, defines W f again at cell
faces as
2k S Big A (5)
SO A A A

for each I. When C; and C; are of the same size, (th)ij = fi;. Utilizing the weighted averaging W" on the
gradient, the second-order method is simply formulated as

(W"f)

thhthlg'Lnd — DhWhU*’h. (6)

2.2 Symmetries

The three numerical operators are related to each other through some symmetries. For example, numerical gradient
is a negative adjoint of numerical divergence, and vice versa. Moreover, the weighted averaging is self-adjoint. To
show the adjoint or symmetry relations, we impose inner product structure on quad/octree. For velocity fields f;
and fo sampled at cell faces, their inner product, using the control volume A;; x |A4;;|, of face A;; is defined as

(fi, fo)p = Z (f1)ij (f2)i5 Dij | Asg] -

Ai]‘

For pressure variables sampled at cell centers, their inner product needs to be defined in the same way using the
control volume of each cell. Numerical divergence (2) was defined as the net sum of fluxes, based on the divergence
theorem | o, V- fdv= /. ac. J - ndl'. Numerical divergence with this regard includes the control volume of each cell.

Thus for pressure p and divergence D" f, their inner product is defined as

(p,D"f), sz (D"f)
The following two lemmas show the adjoint relation and symmetry of the numerical operators. The first one is
for the adjoint relation between D" and G", and the second is for the self-adjointness of W".

Lemma 1 (Adjoint relation between D" and G"). Let ¢ = {¢;} and f = {fi;} be two vectors defined on the center
of cells and faces respectively. Then, we have (D"f,c)c = —(f,G"c)p.

Proof. We use the definitions of the numerical operators to observe that

(D"f.e)e =Y (D"flici =" > filAiloijei = fijl Aijl(oijei + ojic))
C;

Ci Ci~C; a
Ci —C;
=— Zfij (l“aij) Ayl Al
A ij
= Zfij(GhC)iinj\Aij\ = —(f, th>F,
Ay
where we used 0;; = —0j;. Therefore, the desired adjoint relation holds. ¥

Next, we show that the weighted averaging operator W" is a symmetric projection operator.



Lemma 2 (Self-adjointness of W"). Let f = {f;;} and g = {gi;} are two vectors defined on the cell faces. Then,
we have (W2 = Wh and (W"f, g\p = (f,W"g)p.

Proof. Since W" is a weighted averaging operator, it is clear that (W")2 = W". Moreover, W" is a local operator
in the sense that f;; can only affect the components of W" f at the face that share a common large cell with Aj;.
Therefore, it is enough to show that W" is symmetric on a single large cell face. Consider the structure depicted in
Figure 2 for simplicity. It follows from the definition of W" that (W"f);;, = (W"f)ij, = (W"f);j, and therefore,
we have

(W™ )iy gigs Digi | iy | + (W F)iga i Dol Ay | + W F)ija Giga Dig | A
= (W" iy (95 Diji |Aiy | + Gijo DijalAijy ] + Gige Dijs|Aijs])
_ Jin Dig [ Aijy |+ Figo By | Ao | + g Digs| Ais |
Aijl |Aij1 | + Aijz |Aij2| + Aij3 |Aij3 ‘
Giji Ay [Aigi | + Giga Digo | Aija | + 9ijs A | Aijs |
NI A A Ny
(fUl 7/.71| Ul‘ + fU2 Z‘72| 1]2‘ + f7/]3 Zjd| (VK] |) AUI |A”1‘ + AUZ |A”2‘ + AUS |A”3‘

= Fii W 9)ijy Digi [Aig, | + Fija W90 Ny | Aigy | + Fija (W 9) i35 Ay | Aig, .

(Gijr Dy |Aijy | + Gijo Dija| Aiga| + Gigs Dijs | Aijs )

Therefore, the weighted averaging operator W is a symmetric operator. O

2.3 Stable Hodge decompositions

For a velocity field U*, the numerical solution pf,, is used to define U}, := U*" — G"pl,, and obtain Hodge
decomposition

Ut = U, + Ghpl, with DU, = 0.

Similarly, p . is used to define U} , := U*" — WhG"ph  and obtain

U*’h = Ugnd + Whthgnd with DhWhUthd =0.

The following two propositions show that each of the above decompositions is stable. Since the proofs are almost
identical, we only provide the proof for the second-order method.

Proposition 3. The numerical solution p},, is a minimizer of the following energy functional
1
ho( h h, h hoh prh
Bl (") = S1G " IF = (G"p", U™ p.

In particular, we have |[U,||F < |[U*"||F.

Proposition 4. The numerical solution pk , is a minimizer of the following energy functional
1 *
Bl alp") = 5 [WhG [ — (WG, U
In particular, we have |UL ||r < [|[U*"|| F.

Proof. For any perturbation ¢" = {¢?}, we use symmetry of W" and adjoint relation between D" and G" to
estimate EL ,(ph .+ q") as

1 *
Egnd(pgnd + qh) = §||W}1Gh(p3nd + qh)||2F - <WhGh(pgnd + qh>7 U JL)F
1 *,h
= Ega(Pona) + (W'G"", WG D0 p + SIW"G " [ — (WG ", U™")

L 1 L
= Egna(Pona) + 51G" 0" |7 > Ezna(®hna),



where we used DhWhthgnd = DMVhU*P, Therefore, pgnd is a minimizer of the energy functional Egnd. In
particular, we obtain EJ ,(ph ) < E% ,(0), which implies

1 .
ST = Uznalle = (U = U3a, U <0, e, ([Usglle < U p,

3 Super-convergences

It is usual that numerical gradient has the order of accuracy that equals the order of numerical solution minus
one. However, in the case of solving elliptic problems in grid cells that are uniform or nearly uniform, the order of
gradient may not lose the one in the order, which is so-called super-convergence. In this section, we introduce and
prove the super-convergence for each of the two numerical solutions.

To compare the analytic solution to the numerical solutions, we introduce an averaging operator S*. For a
continuous vector field U : R? — R (d=2,3), S"U is the velocity field at cell faces defined as

ShU Yy = 2
SRt |4l Ja,,

Applying the Gauss-Green formula to U = U* — Vp that is divergence free, we get on each cell C; that

U- nide‘.

oz/dev > /Uonide

Ci CjNCiAij
= Z aij | Aij] (ShU)ij
CJNCL
= (DhShU)i’

or

D"S"vp = DhShU*. (7)

Let us define error vectors e, := pf,, —p and e? ,:=pl . —p. Combining (3) and (7) leads to

DhGheTst - Dhth}llst - Dhth

_ DhU* o Dhth
=D" (U - §"U* - G"p + S"Vp)
=: thibst.

Similarly, combining (6) and (7) leads to

thhGhegnd _ Dh (WhU* o ShU* _ Whth + Shvp)
=: D"dh ..
The consistency errors d%,, and d%, ; do not involve numerical solutions and can be estimated in terms of the analytic

solutions p and U™ according to the types of faces. If the cells C; and C; are the same size, then the face A;; is
said to be uniform. Otherwise, A;; is said to be non-uniform.

Lemma 5. The consistency error di,, = {d%,, ij} 1s estimated as

Lst,ij ) . .
Y 2, if A;j is non-uniform

|dh < {gth, if Ay is uniform,

where h denotes the size of the largest cell and Cy and Cy are constants depending only on U* and p.



Lemma 6. The consistency error dgnd = {dgnd)ij} is estimated as
< C1h?, if Ay is uniform,
2ndiil = Cyh, if Aij is non-uniform
where h denotes the size of the largest cell and Cy and Cy are constants depending only on U* and p.

We present the detailed proof for Lemma 6 in Appendix, whereas the proof of Lemma 5 is omitted, since it can
be proven 1n a similar manner. Utilizing D" (dlst — Ghe?st) = 0 and the adjoint relation in Lemma 1, we get that
dh,, — Ghel, is orthogonal to G"e?,,. Applying the Pythagorean theorem, we have

|z ‘?fHF [ dtse — GhelstHF + HGheletHF
> &bl
and simply proved the following theorem.

Theorem 7 (Super-convergence of G"pt.,). For a given function U* : Q — R?(or R3), let p be a solution to the
2-D (or 3-D) Poisson equation (4), and let p},, be the numerical solution of the first-order method (3). Then, the
discrete gradient has a half-order convergence in discrete L?-norm:

IG" (P = )|l 7 < CHV2.

Proof. We first consider two-dimensional quadtree case, and discuss about the octree case at the end of proof. It is
enough to show that ||d},||% is bounded by C2h for some constant C'. We use Lemma 5 to obtain

||dillstH%' = Z ‘dlst zg‘ AZJ‘A1J| + Z |d?st,ij|2Aij|Aij|

Ajjuniform Ajjmon-uniform

< C7hO(# of uniform faces) + C3h?(# of non-uniform faces).

However, the number of uniform faces and non-uniform faces are bounded by

(# of uniform faces) < C3h™2, (# of non-uniform faces) < Cy4h™?,

where C3 and Cy are the constants only depend on the initial quadtree structure. Therefore, we estimate the
L?-norm of d,, as

21|l < CYCsh* + C3Cah < Ch, (8)
for sufficiently small h, where C' = /2C3Cj. This yields the desired half order convergence of the discrete gradient.
In the octree case, we have A;;|A;;| < h®, while the number of uniform faces and non-uniform faces are bounded
by

(# of uniform faces) < C3h™,  (# of non-uniform faces) < Cy;h™%.
Therefore, the estimate (8) still valids. O

The second order case is not as simple as the first order, mainly becase thgnd #* dgnd. We use the adjoint
relations and the projection property (Wh)2 = W" to have

IdallF = ldbng — WG eS 4l % + WG eh 4|15 + 2(d,qg — WG el WHG"eh, 1) p
= ||d3,q — W"G"es, 4|7 + WG s, 4| % + 2(dh, 0. WG €S, — G el) p 9)
= ||dg,q — W"G"eS, 4|5 + WG b, 4l 7 + 20W"d}, 4 — db,.4, G Yeha) F-

To derive an estimate for the second term of the right-hand side of (9), we show that the L?-norm of G"e} ,
can be controlled by the L2-norm of W"G"el ..
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Figure 3: Plots of the ratio HthhH;/ HWhthh ||i7 for the random vector ¢”, the constant Cj in the lemma 8, and
the number 1. The effective resolution for the example is set to be four by splitting the bottom-left and top-right
grids of the original grid configuration so that the constant Cy is 4/3, from table 3. The results show that the ratio

Hthh Hi, / HWhthhHi is bounded below by 1 and above by Cy for any vector ¢, which demonstrate the result of
lemma 8.

Lemma 8 (L? estimate of W"). For any vector ¢ = {c!'} defined on the centers of cells, there exists a positive
constant Cy such that |WhGhcl||2. < ||Ghel||2 < Co||[WhGhe||%. Here, the constant Cy only depends on the grid
structure, not depending on h.

Numerical results for 100 random vectors ¢” in figure 3 validate the lower and upper bounds in lemma 8. Thanks
to Lemma 8, we are now able to close the estimate (9) and yield the following theorem.

Theorem 9 (Super-convergence of W"G"ph ). For a given function U* : Q — R2?(or R3), let p be a solution
to the 2-D (or 3-D) Poisson equation (4), and let ph . be the numerical solution of the second-order method (6).
Then, the weighted discrete gradient has one and a half-order convergence in discrete L?-norm:

IW"G" (P3a = PIr < CRP7,
where the positive constant C depends only on the initial grid structure, U*,and p".

Proof. In the estimate (9), the L?mnorm of W"G"el . is bounded as |[W"Ghel ||IZ < ||db 4% + 2[(Whdh , —
dh . Ghel )Vp|. We use Lemma 6 to obtain

h h h
ld5nall% = Z ‘dznd,ij|2Aij|Aij| + Z ‘d2nd,ij|2Aij|Aij|
A;j:uniform Aj;j:mon-uniform
< C?hS(# of uniform faces) + C2h*(# of non-uniform faces).
However, the number of uniform faces and non-uniform faces are bounded by
(# of uniform faces) < C3h™2, (# of non-uniform faces) < C4h™",

where C3 and Cj are the constants only depend on the initial quadtree structure. Therefore, we estimate the
L?-norm of d" as

|dh, a3 < C3C3h* + C3C k3.

On the other hand, we use Lemma 8 and Cauchy-Schwarz inequality to obtain

1 1
2|<th]21nd - dgnd7 Ghegnd>F| < gHthgnd - dgnd”%‘ + 6HGhegnd||2F < g‘ldgndH%' + CO(SHWhGhegndHQFV



for any 0 > 0, where we use ||d% ,||% = ||} , — W"dh ||% + |W"d} ,||%. Combining the estimates, we obtain
1
||WhGhegnd||2F' S ||d§nd‘|%‘ + 2|<th§nd - dgnd? Gh€§nd>F| S (1 + 5) (01203h4 + 02204h3> + CO(SHW}LGheSndH%'

Now, we choose ¢ sufficiently small so that Cyd < 1. Then, we obtain

1+ 1 2(1+9)
heh o h (12 < 5 201, p 200, 13) < 200, 13
HW G e?ndHF— 1_006 (Clcg +CQC4 ) — 6(1—006)0204
for sufficiently small h. Therefore, taking C := %C&Cﬁ, the desired one and a half order convergence of the
discrete gradient holds. The octree case is similar with the proof of theorem 7. O

As corollaries of Theorem 7 and Theorem 9, we present the super-convergence of G"pl,, and Whthgnd toward
the exact gradient (Vp)" where (Vp)fj = 03;(Vp)ij - nij. Again, since the proofs are almost the same, we only
present the proof for the second-order method.

Corollary 10. For a given function U* : Q — R? (or R3), let p be a solution to the 2-D (or 3-D) Poisson equation
(4), and let p,, be the numerical solution of the first-order method (3). Then,

IG" Pt = (V)" | < CY2,

Corollary 11. For a given function U* :  — R? (or R3), let p be a solution to the 2-D (or 3-D) Poisson equation
(4), and let ph . be the numerical solution of the second-order method (6). Then,

IW"G" g — (V)" l|r < CR/2.

Proof. Since |W"Ghph . — (V)| < |[WhGrpE , — WhGp|lr + WG p — (V)" r, it suffice to estimate
|W"G"p — (Vp)"||r. However, a similar estimate as in the proof of Lemma 6 implies that

Csh? if A;; is uniform
WhGh i — v h < 9 17 5
I Pl = (VP)i] < Cgh, if A;; is non-uniform
for some constants Cs and Cs. Therefore, after the same argument in estimating the L?-norm of dgnd, we have
|WrGhp — (Vp)||% < CEC3h* + C2C4h3. Therefore, combined with Theorem 9, we have the desired one and a

half convergence estimate to exact gradient. O

4 Numerical results

In this section, we present numerical results to validate theories related to the super-convergences and stability in
the Hodge decomposition. All the computations were implemented in C++, and conducted on a regular personal
computer with a 3.60 GHz CPU and 16.0 GB memory. Every linear system Ap" = (V- U*)h is solved by the
Conjugate Gradient (CG) and the stopping criterion for CG is selected to be ||r,,|| / [|ro]| < 10712.

4.1 Quadtree example

In this subsection, two dimensional example on the domain 2 = [—g, %]2 is considered to validate the results of
corollaries 10 and 11. The original adaptive grid configuration based on the quadtree is depicted in figure 4 and the

right hand side of the linear equation (4) is chosen by the divergence of the vector field U* = (u*,v*) where
* . 1.
u* (z,y) = —cos (z)sin (y) + 5 sin (2z)

v* (z,y) = sin (x) cos (y) + %sin (2y)
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Figure 4: Original adaptive grids for the numerical examples in section 4. The two dimensional grid configurations

(a) and (b) for a domain Q = [-%, 7] ? are selected for examples in section 4.1 and 4.3, respectively, and the three
dimensional configuration (c) for a domain 2 = [—g, %}3 is chosen for the example in section 4.2.
Effective resolution | ||G"ph,, — (Vp)" - order whGhph  — (Vp)" . order
322 0.188413 0.037916
64> 0.134469 0.486625 0.013216 1.520521
1282 0.095886 0.487882 0.004528 1.54534
2562 0.068184 0.491887 0.001556 1.541032
5122 0.048374 0.495201 0.000539 1.529485
10242 0.034270 0.497286 0.000188 1.519553

Table 1: (Quadtree example) The rates of Hth’fSt - (Vp)hHF and HWhthgnd - (Vp)hHF are 0.5 and 1.5, vali-

dating corollaries 10 and 11, respectively.

so that the solution of system (4) is p (x,y) = — 1 (cos (2z) + cos (2y)).
Numerical results based on the first-order [9] and second-order [8] discretizations are reported in table 1. The
results verify that the half order accuracy for [9] and the one and a half order accuracy for [8] in the solution’s

gradient in L?-norm, which agree with corollaries 10 and 11. Figure 5 presents the profiles (log scale) of the L?-error
of gradients HWhthgnd — (Vp)"
cell size h.

and the number C’h%, as in the proof of corollary 11, with respect to the largest
F

4.2 Octree example

Consider a domain = [—Z, g]3and a vector field U* = (u*,v*,w*) for the system (4) as follow:
u* (x,y,2) = —2cos (x)sin (y) sin (2) + %Sin (22)
v* (z,y, 2) = sin (z) cos (y) sin (2) + %sin (2y)
w* (x,y,2) = sin (z) sin (y) cos (z) + %sin (22).

In order to validate the results of corollaries 10 and 11, the linear systems (3) and (6) are solved in the domain
depicted in the figure 4.
Table 2 shows the convergence orders of HG’Lp?St — (Vp)hH and HW}LG}Lpgnd — (Vp)hH , where p is given by
F ' F

p(z,y,2) = —1 (cos (2z) + cos (2y) + cos (22)). The results demonstrate that our analyses given in corollaries 10

10
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Figure 5: (Quadtree example) Plots (log scale) of L2-error of the discrete gradient HWhthgnd - (Vp)hHF and an

upper bound Ch? where C is the constant in the proof of corollary 11 for the example in section 4.1. Numerical
results show that HWhthgnd - (Vp)hH is bounded above by Ch%, which means the discrete gradient has one
F

and a half-order convergence in discrete L?-norm.

Effective resolution | ||G"pf,, — (Vp)h - order whGhph . — (Vp)h - order
163 0.504592 0.258934
323 0.350232 0.526806 0.084916 1.608476
643 0.248422 0.495518 0.028619 1.569063
1283 0.176518 0.492978 0.009859 1.53746
2563 0.123283 0.517841 0.003459 1.511086

Table 2: (Octree example) The rates of Hth?st - (Vp)hH and HW}Lthgnd - (Vp)hH are 0.5 and 1.5, validating
F P
corollaries 10 and 11, respectively.
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h

Figure 6: (Octree example) Plots (log scale) of L?-error of the discrete gradient HWhth’Q”nd —(Vp) - and an

upper bound Ch2 where C is the constant in the proof of corollary 11 for the example in section 4.1. Numerical
results show that HWhthgnd - (Vp)hH is bounded above by Ch%, which means the discrete gradient has one
F

and a half-order convergence in discrete L2-norm.

and 11 are valid for the octree-based grid configuration. The profiles in figure 6 support the convergence anaylsis
in corollary 11.

4.3 Single vortex in two spatial dimensions

In this subsection, we consider the following incompressible inviscid Navier-Stokes equations

{"2}{+(U-V)U = -Vp+F 10)

v.-U =0
Here, U is the fluid velocity, p is the pressure, and F' is the acceleration by external force. One of the typical method

to solve (10) is the projection method [2], which is a splitting-type method based on the Hodge decomposition. The
method first computes an intermediate velocity U* without the presure term, that is,

U* —yn

A7 + (U™ -V)U" =F". (11)

As a second step, the method computes the velocity U™ ! only with the pressure term by enforcing the incompress-

ibility as follow
UWV+A1;U* _ _vp'n,—‘rl (12)
V.Ut =0

which leads to the Poisson equation (4) with Neumann boundary conditions.

In order to valdiate the stability on the Hodge projection, stated in proposition 4, we consider an inviscid single

vortex flow in a two dimensional domain 2 = [fg, gf with the velocity U = (u, v) and p are given by

u(z,y,t) = — cos (x) sin (y) cos ()
v (z,y,t) = sin (x) cos (y) cos (¢)
p(2,y,t) = 0.5 (cos? (z) + cos® (y)) cos® (1),

and the forcing term F is calculated from the above formulae and equation (10). The first step (11) of the
projection method is simply solved by the semi-Lagrangian method as follow

U*—Uy
7:Fn
At ’

12
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Figure 7: The ratio HU;LTLIHF /IIU*||  for the inviscid single vortex flow in section 4.3. The result shows that

the ratio ||U§nfil /IU*|| z is bounded above by 1, that is, ||U§ntll < IU*||z. This agrees with the result of
proposition 4.

I I

where Ug = U™ (z — u"At,y — v™At) is the semi-Lagrangian [4] approximated velocity with RBF [5] interpolation.
The original adaptive grid configuration for the simulation is depicted in figure 4 and effective resolution for the
simulation is selected so that h = Az = Ay = I with At = Ax/2.

64
Figure 7 shows the ratio between ||U§ntll I - and ||[U* ||z, which demonstrates that the Hodge decomposition with

the linear solver (6) is stable in the sense that ||U2"nfilHF < |U*|| -

5 Conclusion

We noted the importance of symmetry in the Poisson solvers by Losasso et al. [9, 8]. The symmetry is a necessary
condition of the minimization property, and numerical solutions of the solvers are desired to satisfy the minimization
property for the stability when they incorporate with the Hodge decomposition in simulating incompressible fluid
flows. We showed in section 2 that the Poisson solvers indeed satisfy the minimization properties in discrete level
and presented numerical results in section 4 which validate the stability in solving incompressible fluid flows.

Furthermore, we presented rigorous analyses for the super-convergences of numerical solutions pis; and papq of
the Ist-order [9] and 2nd-order [8] solvers, respectively, in section 3. The common strategy for the analyses is to
express the consistency errors as the divergence forms, introduced in [16], but it turns out to be applicable only for
the 1st-order method. In order to prove the super-convergence for the 2nd-order method, we note that the 2nd-order
method can be seen as the weighted average of the 1st-order method. Based on this observation, we found out the
L? norm estimation of the symmetric operator W in lemma 8, which enables us to prove the super-convergence
for the 2nd-order method. All the analyses are not only valid for the quadtree but also for the octree configuration.
Numerical results in section 4 support the analyses, and suggest that our estimates are tight.
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Figure 8: Structures of uniform face (Left) and non-uniform face (Right).

Appendix

In this appendix, we present the detailed proofs of Lemma 6 and Lemma 8.

Proof of Lemma 6

h

Bd.i; 3 dif. First, we split |df| into two terms I, and I5 as

Proof. For simplicity, we refer d

iy < |(WhUM)i5 = (S"U)is] + [(S"Vp)is — (WG p)is| = I + L.

Below, we estimate each term Iy and I, according to the type of face A;;.

o Case 1 (A;; is uniform): We first consider the case when A;; is uniform, as it is illustrated in Figure 8 (Left).
Then, we have (WhU*"),; = Ui*j’h and (WhG"p);; = (G"p);;. Furthermore, we assume that A;; is a vertical face.
Let (x4, y:),(z;,y;) be the cooridnates of centers of the cells C; and C; and (x;;,y;;) be the coordinate of center of
the face A;;. Since the cells C; and C; have the same size, we have |A4;;| = A;; = |z; — z;| < h, and n;; = (£1,0).
We use Taylor theorem to u*,where U* = (u*,v*), to estimate u* on the face A4;; as

(@i, d) Ayl 1Ay
u (w5, y) = ug; + uy (Tij, vig) (Y — yig) + %(y - yij)za Y€ |Yij — 2” ) Yij %
for some ¢;; between y and y;;. Therefore, we estimate I; as
I = Juf; — (S"U™)s]
1 i+ wy (Tij, Uij)
_ yy \Lijs Yij 2
= @ /,M UZ(Iz‘j,yz'j)(y - yij) + f(y - yij) dy
Yij 2
[ty ll e [ty ll e
< My A2 < Py B2
- 24 [4is]” < 24
In order to estimate Iy, we again use Taylor theorem to p to obtain
s 15, 5) Prsaliy, i)
pj = P(%ig is) + Pal@igs yi) (@5 — wig) + =P (g — ) + e G i),
Paa(Tij, Yij Peaa(Zij, Yij
pi = P(@i5, Yij) + Pa(@ij, yig) (T — 2i5) + M(m —2i5)? + W(m — i),
for some J’Ajij,.fij between Tj, Tg and Lij- We use |177 — xij‘ = ‘xij — ij| = A2ij and Tj— Xy = O’iinth derive
! A..y ) N,,’ ..
ij__pZ = 0ijPa(Tij, Yij) — Uijpxm(xw yz])48pxm(xu y”)A?j,
ij

14



which implies

Pzxx||L>
|pa (@i, yij) — (G"p)is| < %A?j'

Then, we estimate I as

IN

= ‘(Sth>ij — (th)ij’ |(Sth)ij = pa (@i, yij)| + |pa(@ijs vij) — (th)ij’
Hvl)yyHLo" 2 ”pxacx”L‘x’ 2
24 W+ 24 s

IN

where the estimate of the first term can be obtained by using exactly the same argument as in the estimate of I.
Combining the estimates for I; and Is, |df”]\ is bounded as

h2
@1 < L+ T < 5 (e + 198 e+ Ipreallze)
The case when A;; is a horizontal unfiorm face can be estimated in the same manner, and therefore, when A;; is

uniform, we have |d};| < Cyh?, with

1 * *
Cri= gy max {[lug, = + [Vpyyllee + [paezlloe; 107all + [VPooll oo + Pyyyllo }

o Case 2 (A;; is non-uniform): We now consider the case when A;; is non-uniform as in Figure 8 (Right). Again,
we assume that A;; is a vertical face. Suppose the cell C; is smaller than the cell C;and let A; be the edge of the
cell C; that is adjacent to cell C;. Let {C}} be all the cells that are adjacent to C; through the large face A; and
let (zo,yo) be the coordinate of the center of the A;. First, we note that for y € [yo, yo + |Ai;|]

e — " (w0, y)| < JlugllLe<h.

Therefore, we estimate I; as
* 1 *
— W0y = (S0l < i [ el bdy < gl
|Aijl J a,,
In order to estimate Is, we further split it into two parts as

I, < |(5h’Vp)ij _pw(anyO)‘ + ’pw(ﬁfoayo) - (Whth)ij‘ .

Using a similar argument as in the estimate of I, the first term can be easily estimated as

|(Sth)ij —pz(xo,yo)’ < %h.

To estimate the second term, we use Taylor theorem at (zg,yo) to obtain

Pk = p(Z0, Yo) + Dz (@0, yo)(Tr — o) + Py(T0,Y0)(Yx — Yo) + Rk,
pi = p(z0,%0) + Pz (o, Y0) (@i — x0) + R;,

where the remainder terms are estimated as |R;|, |Ri| < Mﬂvzphm. Therefore, we have

Zk(px(zO’yO)(zk — ;) +Py(9ﬁo, Yo) (Y — o) + (Ri — Ri))aik|Aik|.

WhGh i =
WGp)iy S Aol Au

However, it follows from the quadtree structure that

Z( T — ;)0 |Aig| = ZAzk|Azk|a Z(yk —yo0)|Aix| = 0.

k k

Hence, the discrete gradient can be estimated as

15
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Figure 9: An example cell structure for Lemma 6. All the four adjacent cells are of the same size.

|z — @o* Al
2k Aik] Ak

Therefore, we yield the following bound for Is:

V2p|| pee
IVl < Ji — ol V2pllpe < IV PUE=

P2 (0, 50) — (W"G"p)sj| < 2

o V2 oo
We combine the estimates for [; and I, to estimate |d | as O

] < It I < A(luglloe + [V2plls).

Therefore, for any non-uniform face A;;, we have |d};| < Coh, where Cy := max{|[u}| L=, [[u} ||~} + [ V2p| Lo

Proof of Lemma 8

Proof. First of all, we note that W is a local operator, since it returns a weighted average among the faces that
are included in a common large face. Therefore, it suffice to show that the desired inequality holds for a single
large face. Furthermore, we note that the cells that are adjacent to a common large cell have the same size, after
successive refinements. Therefore, we only need to show that the inequality holds for the cell structure where all
the small cells that are adjacent to a common large cell have the same size. For example, consider the cell structure
in Figure 9.

Among the terms in L?-norm of G"c", the terms correspond to the cell structure in Figure 9 is given as

Iy = (G + (GMe")gy + (GMeM)F5) + (G"eM)Ey) 2507 + ((G"e")Ty + (GMe")3s + (GM )3y,

The aim is to bound by a constant multiple of the following quantity:

2= (WhGMM)E100? + (WG )Ty + (WIGMeM)3y + (WGheM)3, )R,
where we used (WhGhc) gy = (WhGhc) gy = (WhGREM) o3 = (WHGHc)gs. We rewrite (Gc!)o; as

(thh)m _&a—¢ _ % —Co + (c1 —ca) + (c1 —c3) + (c1 — ca)
2.5h 2.5h 10A
301—82 202—63 103—64
— (WhGheh k Ea =
( Mo+ 577, 10 h 10 &

3
O(WhGh h)12+ (WhGh h)23+

(WhGh h)01 + WhGh h)

10 0(
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2 3 4 ) 6
1.6828 | 2.4597 | 4.0614 | 7.2931 | 13.7722

n

ol =

)\max

Table 3: The maximum eigenvalues of AT A according to the cell structure with 2 small cells in the proof of lemma
8. A cell has 2" number of adjacent cells on one face as in figure 9. The constant Cj in the lemma equals to

Amax(ATA).

Similarly, the other gradients can be written as

1
(G}Lch)02 — (W}Lthh) O(WhGh h)12 + O(WhGh h) E(W}Lthh>34’
(thh)os — (Whthh>03 _ 70(WILthh)12 _ 7O(Whth )23 + 7O(Whthh)34’
h h _ hh h hhh = hhh _ hhh
(G"c")oa = (W*G"c")oa 10(WG )12 10(WG )23 10(WG )34

On the other hand, since (G"c")15 = (WhGhcM) 19, (GheM)og3 = (WHhGR )93, and (GP )3y = (WG )34, we have,

vmoow [1E R
25(GL )02 T - ) hth b
| || e 3 | e,
V2.5(GhcM)os| = |1 V25 _2v/25 325 h hch 12
bk 1 10 10 10 (WhGc)og
(G"c")1z 0 1 0 0 WhGheh
Gheh ( )34
EGhCh;% 0 0 1 0
I (GO EVR B (VO 0 1]
=:A

Then, considering the quadratic structures of I; and I, we have [ < )\Hlax(ATA>_[2,Where the maximum eigenvalue
of AT A is given as ”T\@ ~ 1.6828. Since the type of the cell structure is completely determined by the initial
quadtree structure, there exists a positive constant Cy such that ||thhH§’F < C’0||VVhthh||§’F7 where Cjy only
depends on the initial quadtree structure. For reference, we provide the maximum eigenvalue Amax (AT A) when
there exist 2" cells adjacent to a common large cell in Table 3. O

Remark 12. For the case of Octree grid, it suffice to consider the case when there exist 4™ cells adjacent to a
common large cell, by the same reason as in the Quadtree grid. In such case, the maximum eigenvalues Ayay (AT A)

can be estimated as % ~ 2.1381... for n = 1 and 5.0655... for n = 2.
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