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a b s t r a c t

We propose a class of Runge–Kutta methods which provide a simple unified framework
to solve the gradient flow of a convex functional in an unconditionally energy stable
manner. Stiffly accurate Runge–Kutta methods are high order accurate in terms of time
and also assure the energy stability for any time step size when they satisfy the positive
definite condition. We provide a detailed proof of the unconditional energy stability as
well as unique solvability of the proposed scheme. We demonstrate the accuracy and
stability of the proposed methods using numerical experiments for a specific example.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

The use of the gradient system has been fundamental in the development of many important concepts in dynamical
systems [1] and it arises in a variety of applications, for example in modeling mesoscale morphological and microstructural
evolution in materials [2–4]. The gradient flow can be represented as

∂Φ

∂t
= −grad F (Φ) , (1)

where F : RM
→ R is an energy functional, grad F (Φ) is a gradient of F , Φ (t) ∈ RM , and M is the dimension of data

space. Furthermore, the energy functional F (Φ) is non-increasing in time since (1) is of gradient type:

d
dt

F (Φ) =

⟨
grad F (Φ) ,

∂Φ

∂t

⟩
= −∥grad F (Φ)∥2

≤ 0, (2)

where ⟨·, ·⟩ is an inner product on RM with the corresponding norm ∥Φ∥
2

= ⟨Φ, Φ⟩. Here, the gradient operator ‘‘grad"
depends on the given inner product space and (2) is called the energy dissipation property.

A convex (or contractive) problem is a subclass of the gradient flow problems, where F (Φ) is a convex functional as
in the case of a linear diffusion equation, a porous medium equation [5], a nonlinear Schrödinger equation [6], and so on.
Compared to the gradient flow (1) with a nonconvex functional which has multiple isolated equilibria, the development
of a numerical method for the convex problem could be relatively easy since the equilibria form a convex set. However,
finding an unconditionally energy stable high order method for the convex gradient flow continues to be an important
question.
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Denoting Φn as an approximation of Φ (tn), we aim to develop a numerical method for one-step evolution to obtain
Φn+1 at tn + ∆t . A numerical integration method for (1) is said to be gradient stable if a functional F∆t : RM

→ R with a
critical time step size ∆tc exists such that:

(i) F∆t is bounded below,
(ii) F∆t (Φ) → ∞ as ∥Φ∥ → ∞,

(iii) F∆t
(
Φn+1)

≤ F∆t
(
Φn) for Φn

∈ RM ,

(3)

for all 0 < ∆t ≤ ∆tc . Such a definition is formulated in the work of [7]. In particular, these conditions indicate
(i) boundness, (ii) coercivity, and (iii) energy decreasing for the discrete energy functional F∆t . The concept of energy
stability (iii) is an important part of the gradient stability (i)–(iii) for the gradient system [1,7]. Note that F∆t may or may
not be identical to the original energy functional F . We are particularly interested in unconditional energy stability, which
means that a method is energy stable no matter what time step ∆t > 0 is taken.

High order time accuracy and unconditional energy stability are the two most important concepts to consider when
developing a time-marching method for convex gradient flow, which has been a serious research objective in the field. A
typical choice for the second order time-marching scheme for a parabolic equation might be the Crank–Nicolson method;
however, it does not always guarantee the energy stability, as shown in Section 2.2. A few interesting alternative second-
order energy stable methods have been proposed, like the discrete variational derivative method [8] and the discrete
gradient method [9].

The Runge–Kutta (RK) methods are the most popular class of time-marching methods for improving time accuracy
[7,10–15]. There have been related works [7,11] to achieve stability using the implicit RK method for the gradient flow,
which provides sufficient conditions based on the algebraic stability for stiff equations. We propose a new criterion, namely
positive definite condition, to ensure a stiffly accurate RK method to be energy stable for general convex gradient problems
and will present examples of new RK methods not satisfying the algebraic stability. In this paper, we focus on two
sufficient conditions to develop different numerical schemes for guaranteeing the energy stability of the convex problems.

In Section 2, we briefly review the Runge–Kutta methods and demonstrate that achieving unconditional energy stability
for the convex gradient flow is not a trivial task. In Section 3, we prove that a stiffly accurate RK method with the
positive definite condition ensures the unconditional energy stability. The unique solvability of the implicit equations
for the scheme is proven in Section 4. In Section 5, we display a few methods up to the fourth-order accuracy, which
guarantee the unconditional energy stability and unique solvability. Computational examples are also given in order to
numerically demonstrate the accuracy and stability. Finally, conclusions are drawn in Section 6.

2. Preliminaries concerning Runge–Kutta methods

A continuous version of the gradient flow is
∂φ

∂t
= −gradF (φ) , (4)

where F is an energy functional and φ (x, t) is a real function defined on a domain Ω ⊂ Rd (d = 1, 2, 3). For a numerical
approach based on the method of lines, φ (x, t) will be discretized by Φ (t) ∈ RM whatever spatial discretizations are
used. Although the gradient system (1) can be considered in infinite dimensional abstract vector space, we work with a
finite dimensional system of ordinary differential equations as in (1).

2.1. The first order method

In order to numerically solve the gradient flow of the convex F with first-order accuracy, we simply consider the
implicit Euler method

Φn+1
− Φn

∆t
= −grad F

(
Φn+1) . (5)

It can be easily shown that the energy of the numerical solution of (5) monotonically decreases regardless of the time
step size ∆t > 0, by using the following lemma.

Lemma 1. If F (Φ) is convex and the gradient of F (Φ) is well defined, then

F (Φ) − F (Ψ ) ≤ ⟨gradF (Φ) , Φ − Ψ ⟩ . (6)

As a consequence of Lemma 1, we have

F
(
Φn+1)

− F
(
Φn)

≤
⟨
grad F

(
Φn+1) , Φn+1

− Φn⟩
= −∆t

grad F
(
Φn+1)2

≤ 0,
(7)

and consequently, the implicit Euler method (5) is unconditionally energy stable.
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One of the well-known convex problems is the heat equation (or the linear diffusion equation)
∂φ

∂t
= ∆φ, (8)

where φ is the heat distribution on a domain Ω . In the aspect of the variational derivative, (8) can be described by the
gradient flow for the energy functional

F (φ) =

∫
Ω

1
2

|∇φ|
2 dx (9)

in the L2 inner product space. Additionally, (8) can be described by the gradient flow for the energy functional

F (φ) =

∫
Ω

1
2
φ2dx (10)

in the H−1 inner product space. Now, employing a semi-discrete representation by an approximation φn of φ (tn), we
have the first-order method

φn+1
− φn

∆t
= ∆φn+1 (11)

by the implicit Euler scheme (5) from the energy functionals (9) and (10) in the corresponding inner product spaces.
Finally, the unconditional energy stability for (11) is surely guaranteed.

2.2. Crank–Nicolson method

A typical choice of numerical scheme for the second-order accuracy in time is the Crank–Nicolson method

Φn+1
− Φn

∆t
= −

grad F
(
Φn+1

)
+ grad F (Φn)

2
. (12)

With a semi-discrete form, the Crank–Nicolson method (12) for the heat equation (8) can be presented as

φn+1
− φn

∆t
= ∆

(
φn+1

+ φn

2

)
, (13)

and it is easy to show that (13) is unconditionally energy stable, i.e., F
(
φn+1

)
≤ F (φn) for the energy functionals (9) or

(10), regardless of the time step size ∆t > 0. For example, with (10),

F
(
φn+1)

− F
(
φn)

=
1
2

⟨
φn+1

+ φn, φn+1
− φn⟩

=
∆t
4

⟨
φn+1

+ φn, ∆
(
φn+1

+ φn)⟩
= −

∆t
4

∇
(
φn+1

+ φn)2
≤ 0,

(14)

and the stability for (9) can be shown in a similar manner. However, this does not mean that applying the Crank–Nicolson
method (12) to any convex problem guarantees the energy stability. For example, Fig. 1 shows the temporal accuracy and
energy evolution for the numerical test in Section 5. The second-order time accuracy is numerically demonstrated, but the
energy is fluctuating for larger time steps ∆t ≥ 2, which implies that the Crank–Nicolson method (12) does not always
guarantee the energy stability.

2.3. Runge–Kutta methods

The Runge–Kutta (RK) method is very popular for obtaining a high order accuracy. For more information, we refer
to [16,17]. In this section, we briefly review an s-stage RK method. The time-marching algorithm for the system of ordinary
differential equations

∂Φ

∂t
= f (Φ) and Φ (0) = Φ0 (15)

can be written as follows with the Butcher table

c A
bT

=

c1 a11 a12 · · · a1s
c2 a21 a22 · · · a2s
...

...
...

. . .
...

cs as1 as2 · · · ass
b1 b2 · · · bs

, (16)
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Fig. 1. Relative l2-errors and energy evolutions of the example in Section 5 for various time steps ∆t .

Table 1
Order conditions of RK methods up to the fourth-order accuracy.
Order 1 2 3 4

Condition b · 1 = 1 b · c = 1/2 b · c2 = 1/3 b · c3 = 1/4
b · Ac = 1/6 b · (c ⊙ Ac) = 1/8

b · Ac2 = 1/12
b · A2c = 1/24

Here, we define the component-wise product as x ⊙ y = (x1y1, x2y2, . . . , xsys)T for
x = (x1, x2, . . . , xs)T and y = (y1, y2, . . . , ys)T , and xm = x ⊙ xm−1 for m > 1.

where A ∈ Rs×s, b ∈ Rs, and the coefficients c are usually given by c = A1, with 1 = (1, 1, . . . , 1)T ∈ Rs. We denote Φn

as an approximation of Φ (tn). With a time step size ∆t > 0, the one-step evolution from tn to tn+1
= tn + ∆t of the

RK method is given as follows. Given Φn, we calculate the next time approximation Φn+1 with the intermediate stages,
Φ1, Φ2, . . . , Φs. We set a zeroth-stage as Φ0 = Φn. For each stage i = 1, 2, . . . , s, we calculate

Φi = Φ0 + ∆t
s∑

j=1

aijf
(
Φj

)
. (17)

Here, Φi is the approximation of Φ (tn + ci∆t) on the ith stage. In addition, we evaluate the next time approximation
Φn+1 as

Φn+1
= Φ0 + ∆t

s∑
j=1

bjf
(
Φj

)
. (18)

Table 1 shows the order conditions of the RK method up to fourth-order accuracy. These order conditions can be simply
understood by considering the Taylor expansion shown in [14], particularly for relatively lower orders of accuracy. The
same order conditions can be derived using the tree structure as in [16].

Remark 1. The implicit Euler method (5) and the Crank–Nicolson method (12) are special cases of RK methods, thus the
result in Fig. 1 demonstrates that RK methods do not always guarantee energy stability.

3. Unconditionally energy stable Runge–Kutta methods

We start by considering two conditions which play key roles in the development of energy stable methods. First, we
consider the stiffly accurate condition [17].

Condition SA (Stiffly Accurate Condition). The RK method (17) is said to be satisfying the stiffly accurate condition if A and b
satisfy that bj = asj for all j.

We now propose the s-stage RK methods with the stiffly accurate condition for the gradient flow (1), and we called it
the stiffly accurate Runge–Kutta (SARK) method. Furthermore, we can explicitly define the Butcher table (16) using only
a coefficient matrix A and the time evaluation (18) is reduced to Φn+1

= Φs. Let us consider a general matrix A with s
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stages. In order to evaluate one time step, we set Φ0 = Φn and evaluate

Φi = Φ0 − ∆t
s∑

j=1

aij grad F
(
Φj

)
, (19)

for i = 1, 2, . . . , s and we have Φn+1
= Φs. Note that the implicit Euler method (5) can be represented as

Φ1 = Φ0 − ∆t grad F (Φ1) , (20)

where Φ0 = Φn and Φ1 = Φn+1, so that (5) is one of the SARK methods with a trivial coefficient matrix A = (1).
Next, we present a condition to make the proposed scheme (19) unconditionally energy stable.

Condition PD (Positive Definitness). The RK method (17) is said to be satisfying the positive definite condition if a row difference
matrix Ã is positive definite after a symmetric transformation, where Ã = A − SA is defined as follows with a shift matrix
Sij = δi,j+1,

Ã =

⎛⎜⎜⎜⎜⎝
ã11 ã12 · · · ã1s
ã21 ã22 · · · ã2s
...

...
. . .

...

ãs1 ãs2 · · · ãss

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
a11 a12 · · · a1s
a21 a22 · · · a2s
...

...
. . .

...

as1 as2 · · · ass

⎞⎟⎟⎟⎟⎠ −

⎛⎜⎜⎜⎜⎝
0 0 · · · 0
a11 a12 · · · a1s
...

...
. . .

...

as−1,1 as−1,2 · · · as−1,s

⎞⎟⎟⎟⎟⎠ . (21)

Here, the positive definiteness of Ã after a symmetric transformation means that the symmetric matrix
(̃
A + ÃT

)
/2 is positive

definite where
(
Φ, ÃΦ

)
=

1
2

(
Φ,

(̃
A + ÃT

)
Φ

)
> 0.

Remark 2. A RK method with the positive definite condition must be an implicit RK method which means that aij is a
non-zero for some i ≤ j.

Remark 3. The implicit Euler method (5) shown in Section 2.1, as an example for the unconditional energy stability, can
be described by the SARK method (19) with the coefficient matrix A = (1). The method satisfies the positive definite
condition since Ã = (1) is obviously positive definite.

Theorem 2 (Unconditional Energy Stability). A SARK method (19) satisfying the positive definiteness of Ã (Condition PD),
referred to as SARK-PD, is unconditionally energy stable, meaning that for any time step size ∆t > 0,

F
(
Φn+1)

≤ F
(
Φn) . (22)

Proof. Defining JΦKnm = Φn − Φm and Fj = F
(
Φj

)
, we can rewrite (19) as

JΦKi0 = −∆t
s∑

j=1

aij grad Fj, (23)

for i = 1, 2, . . . , s. The difference between the two adjacent stages can be calculated as

JΦKii−1 = JΦKi0 − JΦKi−1
0 = −∆t

s∑
j=1

ãij grad Fj. (24)

According to Lemma 1, the energy difference between two adjacent stages is

JF (Φ)Kii−1 ≤
⟨
grad Fi, JΦKii−1

⟩
. (25)

After summing up, we have

JF (Φ)Ks0 =

s∑
i=1

JF (Φ)Kii−1 ≤

s∑
i=1

⟨
grad Fi, JΦKii−1

⟩
= −∆t

⟨
grad F, Ã grad F

⟩
s , (26)

where grad F = (grad F1, . . . , grad Fs)T and we define an s-dimensional inner product as ⟨Φ,Ψ⟩s =
∑s

i=1 ⟨Φi, Ψi⟩ for
Φ = (Φ1, . . . , Φs)

T and Ψ = (Ψ1, . . . , Ψs)
T . Since Ã is positive definite, JF (Φ)Ks0 ≤ 0. It follows that the energy dissipation

F
(
Φn+1

)
= F (Φs) ≤ F (Φ0) = F (Φn). □

Therefore, we can design an energy stable method for the SARK methods using only the positive definiteness of Ã
and examples will be given in Sections 4 and 5. Stiffly accurate and positive definite conditions play important roles in
developing an unconditionally energy stable RK method.
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Remark 4. The Crank–Nicolson method (12) shown in Section 2.2 as a counterexample for energy stability can be
described by the RK table

0 0 0

1 1
2

1
2

1
2

1
2

, (27)

and it does not satisfy the positive definite condition. Furthermore, (27) is an example of the explicit first-stage RK
methods in [12], which means that the first stage corresponds to the explicit stage, a1j = 0 for all j. There is no explicit
first-stage RK method satisfying the positive definite condition since the first row of the coefficient matrix is all zero.

Remark 5. The stiffly accurate condition is crucial to guaranteeing the energy stability in (26). Without assuming that
bj = asj for j = 1, 2, . . . , s, it can be easily derived from the convexity of F (φ) that

F
(
Φn+1)

−F
(
Φn)

= F
(
Φn+1)

− F (Φs) +

s∑
i=1

JF (Φ)Kii−1

≤
⟨
grad F

(
Φn+1) , Φn+1

− Φs
⟩
+

s∑
i=1

⟨
grad Fi, JΦKii−1

⟩
=

s∑
j=1

⟨
grad F

(
Φn+1) , −∆t(bj − asj) grad Fj

⟩
− ∆t

⟨
grad F, Ã grad F

⟩
s .

(28)

The inequality
F
(
Φn+1

)
−F(Φn)

∆t ≤ −
⟨
grad F, Ã grad F

⟩
s in (26) holds only with the stiffly accurate condition, bj = asj.

Therefore, the unconditional energy stability can be achieved under the positive definiteness of Ã with the stiffly accurate
condition.

4. Unique solvability of implicit Runge–Kutta methods

Since the given equations (19) can be nonlinear in general, we need to consider the solvability issue. In this section,
we introduce two kinds of requirements for the solvability of RK method; one is for the fully implicit RK method.

Theorem 3 (Unique Solvability for Fully Implicit RK). If the matrix A is symmetric and positive definite, then the RK scheme is
uniquely solvable for any time step size ∆t > 0.

Proof. Considering all stages i = 1, 2, . . . , s of (19), we can rewrite as

Φ − Φ0 = −∆tA (grad F) (29)

where Φ = (Φ1, . . . , Φs)
T , Φ0 = (Φ0, . . . , Φ0)

T , and grad F = (grad F1, . . . , grad Fs)T . Since A−1 is positive definite
symmetric and F is convex, the functional

Q (Φ) =
1
2

⟨
Φ − Φ0,A−1 (Φ − Φ0)

⟩
+ ∆t ⟨F (Φ) , 1⟩ (30)

has a unique minimizer for any time step size ∆t > 0. Thus, (29) has a unique solution Φ at the unique minimizer,
gradQ (Φ) = 0. □

Remark 6. We can specifically find a symmetric coefficient matrix A for the three-stage second order RK method

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

59
56

−
11
7

65
112

−
11
7

45
14

−
79
112

65
112

−
79
112

9
8

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(31)

which is positive definite. Of course, it satisfies the positive definite condition in Theorem 2, and the coefficients A, b,
and c made from the stiffly accurate condition and c = A1 satisfy the order conditions in Table 1 for the second-order
accuracy.
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Next, we discuss another requirement for the solvability. Methods with full matrices like (31) require the solution of s
simultaneous implicit equations per step. Considering a lower triangular matrix to circumvent this difficulty, we simply
need to solve a single implicit equation for each stage, which is motivated by the diagonally implicit RK method [10]. This
means that, in implicit RK, we select a lower triangular type for the coefficient matrix

A =

⎛⎜⎜⎜⎜⎜⎝
a11 0 · · · 0

a21 a22 · · · 0
...

...
. . .

...

as1 as2 · · · ass

⎞⎟⎟⎟⎟⎟⎠ . (32)

With the lower triangular matrix (32), the implicit RK method can be rewritten as follows: First, we set a zeroth-stage
as Φ0 = Φn. Next, we calculate

Φi = Φ0 − ∆t
i∑

j=1

aij grad F
(
Φj

)
, (33)

for each stage i = 1, 2, . . . , s. Finally, we set the next time approximation as Φn+1
= Φs.

Theorem 4 (Unique Solvability for Diagonally Implicit RK). The implicit RK method with the diagonally implicit type (33) is
uniquely solvable for any time step size ∆t > 0, provided that aii ≥ 0 for all i.

Proof. For each stage i = 1, 2, . . . , s of (33), we need to solve

Φi + aii∆t grad F (Φi) = Si, (34)

where

Si = Φ0 − ∆t
i−1∑
j=1

aij grad F
(
Φj

)
. (35)

Since F is convex and aii ≥ 0, the functional

Q (Φ) =
1
2

∥Φ∥
2
+ aii∆tF (Φ) − ⟨Φ, Si⟩ (36)

has a unique minimizer. At the unique minimizer for ith stage, gradQ (Φ) = 0 and (34) has a unique solution Φi. Therefore,
the proposed scheme (33) is shown to be uniquely solvable for any time step size ∆t > 0. □

5. Numerical results

For the numerical test, we consider a simple convex gradient flow
∂φ

∂t
= −g (φ) + ϵ∆φ, (37)

where

g (φ) = G′ (φ) and G (φ) =
1
4

(
φ4

− 4φ3
+ 6φ2) , (38)

and ϵ is a scale parameter between the reaction and diffusion terms. In this paper, we specifically choose ϵ = 10−4.
In order to complete the system, we consider a finite domain Ω = [0, 1] with a zero Neumann boundary condition.
Furthermore, (37) can be derived by the gradient flow for the energy functional

F (φ) =

∫
Ω

(
G (φ) +

ϵ

2
|∇φ|

2
)
dx (39)

in the L2 inner product space. Note that (39) is a convex functional, and thus (37) has only one equilibrium point.
Now, for the time integration, we introduce some coefficient matrices A up to the fourth-order accuracy, which satisfies

the order conditions in Table 1 as well as the positive definite condition in Theorem 2. For practical reasons, we present
coefficient matrices for diagonally implicit RK (DIRK) methods. For the sake of being self-consistent, we start with the
first-order method A1 = (1). The second- and third-order methods are given as follows

A2 =

⎛⎜⎜⎝
1
6

0

3
5

2
5

⎞⎟⎟⎠ (40)
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and

A3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
2

0 0

−
1
3

2
3

0

0
3
4

1
4

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (41)

For the fourth-order method, it is relatively easy to find it in the singly diagonally implicit RK method (SDIRK), which
means that all aii are equal in the DIRK method. Here, we introduce a five-stage method

A4 =

⎛⎜⎜⎜⎝
0.6000 0 0 0 0

−0.3600 0.6000 0 0 0

0.2079 0.1921 0.6000 0 0

−0.0291 −0.0507 0.2337 0.6000 0

−0.3678 0.5964 −0.6164 0.7878 0.6000

⎞⎟⎟⎟⎠ , (42)

where the coefficients are rounded to four digits. We refer to chapter IV.6 in [17] for computing the coefficients of (42)
from the coefficient set of c1 = 0.6, c2 = 0.24, and c3 = 1.

The positive definiteness of Ã is easily checked if the minimum of eigenvalues of
(̃
A + ÃT

)
/2 is positive. The minimum

eigenvalues corresponding to A2, A3, and A4 are 0.0373, 0.0403, and 0.0032, respectively. Therefore, all listed tables assure
the unconditional energy stability. In addition, all coefficients in the diagonal are positive values, indicating that those
tables guarantee the unique solvability by Theorem 4.

Remark 7. The SARK-PD methods with the coefficient matrices (40)–(42) do not satisfy the algebraic stability [7].
This implies that the proposed SARK-PD method is a different type of energy stable method without using the algebraic
stability.

5.1. Evolution of the solution for a one-dimensional example

We begin by showing the solution evolution of the example Eq. (37) with zero Neumann boundary condition and the
initial condition

φ (x, 0) = 2 + cos (8πx) cos (13πx) + cos (4πx) cos (13πx) (43)

on a domain Ω = [0, 1]. For the numerical simulations, the numerical solution is evolved to time Tf = 8.
After spatial discretization of (37), we apply RK methods to the resulting system of ordinary differential equations for

the time integration. Since we focus only on the time-marching method with the zero Neumann boundary condition, we
employ a discrete cosine transform [18] in MATLAB for spatial discretization,

{xi = (i − 0.5) ∆x for i = 1, . . . ,Mx} , (44)

where ∆x is a space step size and Mx is a grid point number. The corresponding discrete energy is

F (Φ) = (G (Φ) , 1)l2 −
ϵ

2
(Φ, ∆hΦ)l2 , (45)

where (·, ·)l2 is a discrete l2 inner product and ∆h is a discrete Laplacian corresponding to the discrete cosine transform.
For a practical description, we refer to [19].

Fig. 2 shows the time evolution of the solution with a sufficiently small time step ∆t = Tf /213 using the fourth-order
table A4 with a fixed grid size ∆x = 1/128. It changes to a plain profile and quickly goes down to the equilibrium solution
φ = 0.

We demonstrate the numerical convergence in space with the same conditions and parameters used at the beginning
of this subsection. In order to estimate the convergence rate with respect to a grid size, simulations are performed by
varying the grid points Mx = 16, 24, 32, . . . , 196, 256. Fig. 3 shows the relative l2-errors with respect to various grid size
for various time steps ∆t = Tf /211, . . . , Tf /25. Here, the errors are computed through comparison with the reference
numerical solution obtained using the fourth-order method with a time step ∆t = Tf /213 and 384 grid points. As can be
seen, the spatial convergence of the results under the grid refinements is evident. Furthermore, it shows that 128 grid
points provide more than single precision sufficient spatial accuracy to estimate the numerical convergence with respect
to the time steps.
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Fig. 2. Time evolution of solution in 1D.

Fig. 3. Relative l2-errors at T = 2 with respect to the grid points for various time steps ∆t labeled on the right-end of the corresponding result.

5.2. Temporal accuracy test

We demonstrate the numerical convergence using the same conditions and parameters used in the previous subsection.
In order to estimate the convergence rate with respect to the time step ∆t , simulations are performed by varying the time
steps ∆t = Tf /211, Tf /210, . . . , Tf /24.

Fig. 4 shows the relative l2-errors of φ (x, t) with various time steps. Here, the errors are computed through comparison
with the reference solution shown in the previous subsection. It is observed that the SARK-PD method with Aq gives the
desired qth order accuracy in time.
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Fig. 4. Relative l2-errors for various time steps ∆t .

5.3. Energy stability test

We display the energy evolutions with the same conditions and parameters used in the previous subsection. Simula-
tions are performed by relatively large time steps ∆t = 1, 2, 4.

Fig. 5 shows the energy evolutions with large time steps, and energy dissipation is observed for all simulations. The
solid line indicates the energy evolution of the reference solution shown in the previous subsection with a small time
step ∆t = Tf /213.

5.4. Comparison to algebraically stable methods

We compare the SARK-PD methods with the second- and fourth-order algebraically stable (AG-stable) RK methods
introduced in [20],

λ λ 0

1 − λ 1 − 2λ λ

1
2

1
2

, (46)

where λ ≥ 1/4 and

λ λ 0 0
1
2

1
2 − λ λ 0

1 − λ 2λ 1 − 4λ λ

b1 b2 b3

, (47)

where b1 = b3 = 1/(6(1 − 2λ)2), b2 = 1 − 2b1, and λ = 1.06857902130163. We refer to as AAG
2 and AAG

4 for (46) with
λ = 1/4 and (47), respectively. Note that, unlike the proposed SARK-PD method, AG-stable RK methods (46) and (47)
do not satisfy the stiffly accurate condition. Furthermore, as mentioned in Remark 7, the SARK-PD methods (40)–(42) are
not AG-stable RK methods.

Since both RK methods (40)–(42) and (46)–(47) are diagonally implicit schemes, we employ the same Newton-type
iteration with a bi-conjugate gradient method for the nonlinear equation (37)–(38). The computational cost is proportional
to the number of RK stages s multiplied by the number of time step Tf /∆t . Fig. 6 shows the computational times for both
methods with respect to the time steps. The computational times for the second-order methods are same since s = 2
for both methods, however, the time for the fourth-order AG-stable method is 3/5-times faster than the corresponding
SARK-PD method.

Fig. 7 shows the relative l2-errors of φ (x, t) with respect to the computational time corresponding to various time
steps. The computational time increases as the error decreases and the ratio is approximately the order of convergence.
The comparison shows that both of the SARK-PD method and the AG-stable RK method provide the desired order of
accuracy as the computational time increases. The computational cost of DIRK methods is closely related to the number of
stages and the relative l2-error depends on the leading coefficients of the error expansions. As can be seen, computation
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Fig. 5. Energy evolution for various time steps ∆t .

Fig. 6. Computational time for the solution at Tf = 8 with respect to time steps ∆t .

Fig. 7. Relative l2-errors at Tf = 8 with respect to computational time.

efficiency of the AG-stable methods is superior than the proposed methods. It is problem specific and depends on the
choice of the RK table so that we need further study for an optimized choice of the RK table. We leave it for future work
since main contribution of this paper is to introduce another type of RK methods for guaranteeing the energy stability.

6. Conclusions

We proposed unconditionally energy stable methods to solve a convex gradient flow which is a fundamental problem
in various dynamical systems. The proposed methods are high order accurate in time and assure the unconditional energy
stability and unique solvability. Two additional conditions, stiffly accurate and positive definiteness, play important roles
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in the energy stability of the Runge–Kutta methods. We demonstrated the existence of high order energy stable methods
by presenting the specific RK tables up to fourth-order accuracy. One can request higher accuracy; however, we leave
this for future work, because we think the fourth-order to be reasonably high accuracy for discussing a new possible
class of RK methods for the unconditional energy stability. We presented numerical experiments to show high order
accuracy and energy stability using a specific example. The simple comparison with algebraically stable RK methods do
not show computational superiority of the proposed methods so we leave the optimizations of the RK tables with better
performance for future work.
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