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Unconditional energy stability experiments are presented to demonstrate the accuracy and energy stability of the
High-order time accuracy proposed scheme.
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Scalar auxiliary variable

1. Introduction

Many phase-field equations are given by gradient flows for energy functionals [1,2]. The Allen—Cahn (AC)
equation [3] is a L2-gradient flow for the Ginzburg-Landau energy functional,

)= [ (Po)+ G190l ) ax )

where 2 C R? (d =1,2,3), ¢ is the order parameter, F|(¢) = 1(¢? — 1), and € > 0 is a constant related to
the interfacial thickness. For the sake of simplicity, we assume the zero Neumann boundary condition for ¢:
V¢ -n =0 on 0f2, where n is a unit normal vector to 0f2. Because the AC equation is of the gradient type,
it is easy to see that (1) is nonincreasing in time.

The original AC equation does not conserve the total mass. Hence, we introduce the conservative
AC (CACQC) equation to overcome this shortcoming by adding a nonlocal Lagrange multiplier to the AC
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equation [4], as follows.

0 o0& 2
&=t | f@ax= (1) - 2a0) + o [ 1) i, )

where % denotes the variational derivative and f(¢) = F’(¢). The CAC Eq. (2) satisfies the mass
conservation and energy dissipation property as expressed below.

g [ oax= [ Sax—— [ (10)- a0 ix+ [ ro)ax—

if-éiiifdx-/(z<a¢+|in/f<¢>dx>a
2
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We note that there are many versions of the CAC equation [5-7] that conserve the mass but do not comply

and

with energy properties.

While the mass is conserved precisely, the additional nonlocal Lagrangian term causes difficulties in
developing accurate and stable numerical methods for Eq. (2). There are various related works [8-12] but
most of them have only first-order time accuracy or are unable to prove energy stability, with the exception
of [11,12]. The aim of the present work is to present a high-order energy stable scheme for Eq. (2) by
combining the energy quadratization (EQ) concept, such as the invariant energy quadratization (IEQ) [13]
and the scalar auxiliary variable (SAV) [14-16], with the Runge-Kutta (RK) method [17]. Under the stability
condition for the RK coefficients [18], we analytically demonstrate that the scheme is unconditionally stable
with respect to the reformulated energy. Furthermore, we develop a Newton-type fixed point iteration
method to implement the scheme, enabling the achievement of a fast iterative convergence.

The rest of this paper is organized as follows. In Section 2, we propose the EQ-RK scheme, prove its
unconditional energy stability, and describe its numerical implementation. In Section 3, we present numerical
examples demonstrating the accuracy and energy stability of the proposed scheme. Finally, conclusions with
the main contribution and results are drawn in Section 4.

2. Energy quadratization Runge-Kutta scheme
2.1. Energy quadratization reformulations
To obtain an EQ reformulation, we utilize the invariant energy quadratization (IEQ) idea by introducing

an auxiliary variable ¢(x,t) = \/F(¢) + C, where C is a constant such that F'(¢) + C > 0. Then, one can
redefine the energy £(¢) as

2, € 2
érma(.6) = [ (v + IVolt ) ax—clal ®)
Q
and reformulate Eq. (2) as
0 1 0
% —— (@t —ca0) + o [ cowax 2 =160, (@

where G(¢) = \/% The new system (4) still satisfies the mass conservation and energy dissipation

properties:
/¢d (bdx——/ (G(¢)¢—8A¢)dx+/ G(p)h dx =0
Q Q
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d€rpg %, _ 06\ 2
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Next, we utilize the SAV idea to obtain another EQ reformulation by introducing a scalar auxiliary
variable ¥(t) ,/fQ @) dx + C, where C is a constant such that fQ F(¢) dx + C > 0. Then, one can
redefine the energy & (qb)

and

2
Esav (o, v) :¢2+/ 65|V¢|2 dx —C (5)
2
and reformulate Eq. (2) as
9 __ ~eag)+ o [ aw W1 e
where G(¢) = — ) The time derivatives of the mass and energy for the new system (6) can

f o F(#) dx+C
be computed in the same way as that for (4), which proves that the SAV scheme also satisfies the mass
conservation and energy dissipation properties.

The auxiliary variable 1(x,t) is a function of the space variable x and the time variable ¢ in the
IEQ reformulation, whereas the scalar auxiliary variable ¢ (t) only depends on the time variable ¢ in the
SAV reformulation. This slight difference leads to technical deviations in the mathematical proof and the
numerical implementations; however, the two schemes share a principal similarity.

2.2. Energy quadratization Runge—Kutta scheme

Applying an s-stage RK method to the EQ reformulated system (4) or (6), we have the following EQ-RK
scheme. For the RK coefficients A = (a;;) € R®** and b = (b;),c = (¢; = 35, aij) € R,

b =" + Atiaijpj, v =YP" + Atzs;aijqj, (7)
i= i=
where
b= = (G000 — 400 + 15 (G(6).1). 0= 3G for IEQ,
b= = (GO = A6) + 75 (G(6). ). 4= 3 (G(o).p) - for SAV.

Here, (-,-) denotes the L2-inner product with respect to £2. Then, ¢"*! and "1 are updated via

¢n+1 _ d)n + Atz@pm ,ll}n+1 — wn + Atzbi%‘- (8)
=1

Definition 1 (Stability Condition [18]). Define a symmetric matrix M given by
M = diag(b)A + AT diag(b) — bb”.
The stability condition is defined as
b; >0 fori=1,...,s and M is positive semi-definite. (9)

The RK coefficients satisfying the stability condition (9) are listed in Table 1.
3
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Table 1
Butcher tableaus of the diagonally implicit RK method [19,20].
first-order second-order third-order fourth-order
- - 0 o o 0 0
1 1 1 1
1‘1 5‘5 1—o0 1— 20 o 2 2 7 7 0
|1 [ 1 I T 1-—o 20 1-40 o
2 2 Iz 1—2p p
3+V3 cos(%)

o=

— 1
6 o= "A +2’“_b(2o 1)2

Remark 2. Since the EQ-RK scheme is based on the RK method, we can achieve desired order of accuracy
in time if we choose proper RK coefficients (such as given in Table 1). And, to make order of accuracy in
space compatible with high-order in time, we employ the Fourier spectral method [21] for the numerical
differentiation in (7)—(8).

Below, we show that the EQ-RK scheme with RK coefficients satisfying the stability condition is
unconditionally energy stable.

Theorem 3. The EQ-RK scheme (7)—(8) with RK coefficients satisfying the stability condition (9) is
unconditionally stable with respect to the EQ reformulated energy Epg (P, ) in (3) or (5), meaning that for
any time step At > 0,

Epg ("t "t < Epg(a™,y™), where EQ = IEQ or SAV.

Proof. For IEQ, we have from Egs. (7) and (8)

2 — 7 )? = 2Athi (g2 0™) + (A0 Y > " bibj (4i295)

i=1 j 1
_2At2b (qis i) — szu is q5)
=1 =1 5=1
Because M is positive semi-definite,
™2 = |2 < 246> b (gi,1:) = Ath (6i)vi i) - (10)

i=1

For SAV, because M is positive semi-definite and 1; only depends on t,

(¢n+1) (WL < 2Atz bigih; = Atz b ¢z d)zapz) . (11)
=1 =1
And we obtain
IV 2 = Vo> < 248> i (Véi, Vi) = =24t Y b; (A, pi) - (12)
i=1 =

Adding (10) or (11) and (12) yields

EpQ(¢" T, ") — Epg(e”,Y") < Ath $i)vi — € Adi, i)

=1
s 1
Atz bz <—pi + m (G(¢z)7wl) vpi>
=1
— ALY " billpil >
=1

Because b; > 0 for i = 1,...,s, Epg(o" T, v T) — Epg(¢™,¢™) < 0. This completes the proof. O
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2.3. Numerical implementation

Using an s-stage diagonally implicit RK method for convenience of implementation, the EQ-RK scheme
(7) can be rewritten as follows.

¢; — a;; At p; = S}, (13)
Vi —a; At ¢; = S7, (14)

where S} = ¢" + At Z aijpj and S? = " + At 23;11 a;;q5- Eq. (14) can be simplified as follows.

—%G(@) (¢i — S}) + 4 =57 for IEQ,

—% (G(¢i), ; — S) + i = S7 for SAV.

(15)

To solve Eqs. (13) and (15), we develop a Newton-type fixed point iteration method for ¢, ¢+
starting with ¢9 = ¢;_1, ¥? = ;1 as follows.

Am B gm ]St - N e, )
|: cm T ] [ wm+1 'I/Jm ] - |: 2_N2( ;n’wlm) :|7 (16)
where
m — Qi ’mm7277'mm.
A" =T adt (GO~ A= g (GO,
et (Gt - G
B = ot (G - 1 (GO )
(G ) 0= (I 0). (GO0 = (G w),
N(6,9) = 6+ as At (G<¢w—e 20 5 (6(6), w>),
and
Cm = =3 (o7 + 67 (87— 1)), N*(9,0) = —3G(0) (6 51) + 0,
G@:zmwm@+mzqwf for T,
2F(9) + )3
= =5 GO+ G @) (7 - S1),), N2(60) = =3 (G(6),6 - 51) + 0,
i) = L OO ) +0) = JOUD 1) o o
2(F(9),1) + C)F
The system (16) can be further simplified as follows.
(A™ — BTC™) (7 — gr7) = SE— N (g, Y1) — BM(S2 — N2(g7, ¥)), (17)
L = g 82— N, ) — (g — ), (18)

We solve qﬂ”“ using Eq. (17) and then update w;nﬂ by Eq. (18), and set

b = and o=y

m—+1_ m
if a relative lo-norm of the consecutive error w is less than a tolerance tol,. In this study, the

biconjugate gradient (BICG) method is used to solve Eq. (17), and we use the following preconditioner P
to accelerate the convergence speed of the BICG algorithm: P = 7 + a;; At (—eQA). The stopping criterion
for the BICG iteration is that the relative residual norm is less than tolpicg.

5
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Fig. 1. (a) Evolution of £(t) for the reference solution with € = 0.01 and h =
EQ-RK schemes.

1—;8. (b)—(c) Convergence of ¢(x,y,t = 6) by the

3. Numerical experiments

Unless otherwise stated, we set ¢ = 0.01, C =1, h = %8, tol, = 1078 At, and tolyicg = 10~8 At for the

simulations in this section.

3.1. Numerical convergence with a smooth test function in 2D

We demonstrate the convergence of proposed scheme with an initial condition
¢(z,y,0) = 0.02 cos(4mz) cos(3my) + 0.1 cos(3mz) cos(2my) — 0.5

on 2 = [0,1] x [0,1]. To estimate the convergence rate with respect to At, simulations are performed by
varying At = 279,278 ... 271, We take the quadruply over-resolved numerical solution using the fourth-
order scheme as the reference solution. Fig. 1(a) shows the evolution of £(¢) for the reference solution. For
IEQ and SAV, the relative ly-errors of ¢(z,y,6) for various time steps are shown in Figs. 1(b) and (c),
respectively. Here, the errors are computed by comparison with the reference solution. We note that the
proposed scheme provides the desired order of accuracy in time.

For IEQ, to demonstrate the robustness of the nonlinear solver, we count the number of nonlinear and
BICG iterations (see Fig. 2). Here, we regard the number of BICG iterations at each time level as the
average number of BICG iterations for the nonlinear iterations at each time level. For the first- and second-
order schemes, 2-3 nonlinear iterations were involved in proceeding to the next time level, and we believe
that such a fast iterative convergence can be achieved since the successive iteration (17) is a Newton-type
fixed point iteration method. Additionally, the numbers of nonlinear iterations of the (two-stage) third- and
(three-stage) fourth-order schemes are approximately two and three times more than that of the (one-stage)
first-order scheme, respectively. These results indicate that the number of nonlinear iterations is almost
linear with respect to the number of stages. Furthermore, the BICG algorithm converges in a small number
of iterations by using the preconditioner. We have not included figures for SAV but obtained results similar
to those in Fig. 2.

3.2. Energy stability with a nonsmooth test function in 2D

To investigate the energy stability of proposed scheme, we take an initial condition as

¢(z,y,0) = —0.5 + rand(x, y)
6
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Fig. 2. Number of nonlinear and BICG iterations for the first-, second-, third-, and fourth-order IEQ schemes with different time
steps.
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Fig. 3. Evolution of fn(qb(z,y,t) — ¢(x,y,0)) dedy and E1pq(t) using the first- and fourth-order IEQ schemes with different time
steps.

on 2 = [0,1] x [0,1], where rand(x,y) is a random number between —0.1 and 0.1 at the grid points.
For IEQ, Fig. 3 shows the evolution of [,(é(z,y,t) — ¢(z,y,0)) dedy and Erpg(t) using the first- and
fourth-order schemes with different time steps. Here, |, o(@(z,y,t) — ¢(x,9,0)) dedy is approximated by
SN (" — @) AxAy. We note that the mass fluctuation is roughly equal to the machine precision, which is
considerably smaller than the numerical solution accuracy, and all the energy curves are nonincreasing over
time (again in machine precision) owing to the mass conservation. For second-, third-order IEQ and SAV,

we obtain results similar to those in Fig. 3.



H.G. Lee, J. Shin and J.-Y. Lee Applied Mathematics Letters 132 (2022) 108161

t=0 t=192 t =384 t =576 L =1024

0.14 T T T
q
—
= o1 i
Iy
>
20
$ 0.05 -
g o
3
-
0 1 1 1
) 192 384 576 1024

time ¢

Fig. 4. Evolution of the reference solution ¢(x,y,t) by the SAV scheme with ¢ = 0.01 and h = ﬁ and its original energy £(t).
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Fig. 5. Convergence of Sﬁjv(t) and differences between the original £4%(t) and the discrete ngv(t) energies by the SAV scheme
at t = 192 for At =279,278 ... 271,

3.3. Energy convergence with a smooth test function in 2D

The original energy £(¢) in (1) and the EQ reformulated energy Egq(t) in (3) or (5) are equivalent in the
continuous-time case but not in the discrete-time case. To numerically quantify the difference between the

discrete energies, we take an initial condition as

o(z,y,0) = cos (87r min { Ve —1D4+(12y — 1] — 1)4, 1})

on 2 = [0,1] x [0,1]. The evolution of the reference solution ¢(z,y,t) using the fourth-order SAV scheme
with At = 271! and its original energy £(t) using the reference solution is shown in Fig. 4. The coarsening
dynamics and energy dissipation may be observed.

To clarify the difference between the continuous energy £(t) and EQ reformulated energy Erg(t), we
define the continuous energy £(t) := £(H(t)) using the reference solution, the numerically computed original
energy E4(t") := E(¢(t")), and the SAV reformulated energy E5%, (t") = Egav (4(t"),¥(t")) with a time
step At. In Fig. 5(a), |E(t) — E&%y ()| clearly shows that the numerically computed SAV energy converges
to the original energy in the desired order of accuracy, as expected. More interesting is the difference
|EAL(t) — E8Ly ()| between the original and SAV energies using the computed solution at ¢ = 192. Here,
we note that the SAV energy differs from the original energy but is consistent with the order of numerical
scheme accuracy. For TEQ, we obtain results similar to those in Figs. 4 and 5.
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Fig. 6. Evolution of ¢(x,y, z,t) and £;pq(t) using the fourth-order IEQ scheme with € = 0.02 and h = é.

3.4. Evolution of spheres perturbed by spherical harmonics in 3D

We perform the evolution of spheres perturbed by spherical harmonics on 2 = [0, 1] x [0, 1] x [0, 1] with
e=0.02, h = é and At = %. An initial condition is as follows.

(0.25 + 8, Y5 (0, 0) — ri)

2
0) =1 tanh
¢(x,y,2,0) =1+ tan o

i=1
where (s1, s2) = (0.05,0.01), Y{%(0, ¢) is a spherical harmonic with the polar # and azimuthal ¢ angles, and
r; = /(x —0.5)2/a; + (y — 0.5)2/b; + (2 — 2;)2/c; is the scaled radius with (aq,b1,c1,21) = (1,1,0.8,0.35)
and (ag, ba, co, z2) = (0.5,0.5,0.4,0.8). For IEQ, Fig. 6 shows the evolution of ¢(z,y, z,t) and £(t). As the
energy is dissipated in time, each perturbed sphere evolves to a sphere in moving convex and concave parts

inward and outward, respectively, and then two spheres merge into one. For SAV, we obtain results similar

to those in Fig. 6.

4. Conclusions

We developed a high-order (up to fourth-order) energy stable EQ-RK scheme for the CAC equation with a
nonlocal Lagrange multiplier. Additionally, we implemented the EQ-RK scheme by using the Newton-type
fixed point iteration method. Under the stability condition for the RK coeflicients, unconditional energy
stability of the EQ-RK scheme was proven theoretically. We numerically confirmed that the EQ-RK scheme
yields the desired order of accuracy in time and is unconditionally stable with respect to the EQ reformulated
energy, and that the discrete version of the EQ reformulated energy is a high-order approximation of the

original energy.
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