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ARTICLE INFO ABSTRACT
Keywords: We present a high-order time-discretization method that conserves energy in nonlinear wave
Nonlinear wave equation equations. The method builds on the secant-difference approach, which inherently ensures en-

Secant-difference ergy conservation. To achieve higher temporal accuracy while preserving the structural proper-

ties necessary for energy preservation, we propose a novel high-order multi-stage method based
on a successive strategy. While the successive secant-difference (SSD) method deviates from the
standard Runge—Kutta framework, we derive the order conditions for high-order accuracy using
classical Taylor expansion techniques. We further derive the full set of order conditions up to
sixth-order and determine the minimal independent constraints by examining their linear depen-
dencies. This derivation provides detailed insights and introduces a novel perspective distinct
from traditional composition methods. We validate the temporal accuracy and unconditional en-
ergy stability of our proposed method through numerical examples, including the sine-Gordon
and Boussinesq equations. We also provide numerical comparisons with fourth-order averaged
vector field methods.

Energy conservation
Multi-stage method
Sine-Gordon and boussinesq equations

1. Introduction

Hyperbolic partial differential equations (PDEs) are essential for modeling wave propagation phenomena and appear in a wide
range of scientific disciplines, including acoustics, elasticity, medical imaging, fluid mechanics, quantum mechanics, and electro-
magnetics. For more detailed information, refer to references [1-3]. While linear wave equations facilitate various modeling and
applications, more complex challenges often arise in the nonlinear case. Regardless of whether the wave equations are linear or
nonlinear, conserving energy is crucial from a modeling standpoint. Numerically, structure-preserving methods are vital for ensuring
long-term stable simulations.

Geometric numerical integrators have become increasingly prominent, where geometric refers to preserving one or more physical
or geometric properties of the system, accurate up to round-off error. Achieving both accuracy and stability in conservative methods
is essential for long-term simulations, particularly for wave equations. Numerous energy-conserving methods have been developed
even for the linear wave equation, a linear Hamiltonian PDE, starting from the theta method [4] and the leapfrog method [5] to more
recent approaches [6-8]. The numerical treatment of Hamiltonian PDEs, including nonlinear cases, has been an intensive research
area in recent years. The symplectic Runge-Kutta (RK) method [9-11] has been studied to preserve the symplectic form.

Other notable structure-preserving integrators include as follows. Hamiltonian boundary value methods [12-14] provide
high-order, energy-preserving approximations based on discrete line-integral formulations. The invariant energy quadratization
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$\Omega \subset \mathbb {R}^d ~ (d=1,2,3)$


\begin {equation}\paff {\uu }{t}{2} = - \grad _\HS \EE \rob {\uu } = - \G _\HS \delf {\EE \rob {\uu }}{\uu }, \label {wave}\end {equation}


$\EE \rob {\uu }$


$\HS $


$\grad _\HS \EE \rob {\uu }$


$\EE $


$\G _\HS $


$\HS $


\begin {equation*}\inner { \grad _\HS \EE \rob {\uu }, \nu }_\HS := \left .\ddf {}{\theta } \EE \rob {\uu +\theta \nu }\right |_{\theta =0} = \inner { \delf {\EE }{\uu }, \nu }_{L^2} =\inner { \G _\HS \delf {\EE }{\uu }, \nu }_{\HS }.\end {equation*}


$L^2$


$H^{-1}$


$V$


$\G _{L^2}=I$


$\G _{H^{-1}}=-\Delta $


$\inner { \nu _1, \nu _2 }_{L^2} = \inner { -\Delta \nu _1, \nu _2 }_{H^{-1}}$


$\FH $


\begin {equation}\label {def-ener} \FH \rob {\uu } = \f {1}{2} \pip {\paf {\uu }{t}}^2_\HS + \EE \rob {\uu }\end {equation}


\begin {equation}\ddf {\FH }{t} = \inner { \paff {\uu }{t}{2}, \paf {\uu }{t} }_\HS + \inner { \delf {\EE }{\uu }, \paf {\uu }{t} }_{L^2} = \inner {\paff {\uu }{t}{2} + \G _\HS \delf {\EE }{\uu }, \paf {\uu }{t} }_\HS = 0. \label {wave_engy_cons}\end {equation}


$\mob $


\begin {equation*}\FH _{SG} \rob {\uu } = \f {1}{2} \pip {\paf {\uu }{t}}^2_{L^2} + \int _\Omega \left ( \f {1}{2} \veb {\sqrt {\mob } \na \uu }^2 + \Phi \rob {\uu } \right ) d\bfx \end {equation*}


$\uu _{tt} - \nabla \cdot \rob {\mob \nabla \uu } + \Phi ' \rob {\uu }=0$


$\mob ={\mathrm I}$


$\Phi \rob {\uu } = 1-\cos \uu $


$\uu _{tt} - \G _{H^{-1}} \left ( \Delta \uu - \Phi ' \rob {\uu } \right ) = 0$


$H^{-1}$


\begin {equation*}\mathcal {H}_{BS}\rob {\uu } = \f {1}{2} \pip {\paf {\uu }{t}}^2_{H^{-1}} + \int _\Omega \rob { \f {1}{2} \veb {\na \uu }^2 + \Phi \rob {\uu } } d\bfx ,\end {equation*}


$\Phi \rob {\uu } = \f {1}{2} \uu ^2 - \uu ^3$


$\vv = \uu _t$


\begin {align}\label {PDE-HF2} \paf {\uu }{t} &= \vv , \nonumber \\ \paf {\vv }{t} &= - \G _\HS \delf {\EE \rob {\uu }}{\uu } ,\end {align}


\begin {equation}\label {HF} \FH \rob {\uu ,\vv } = \f {1}{2} \pip {\vv }^2_\HS + \EE \rob {\uu }.\end {equation}


$v = u_t$


$v$


$u$


$\vv $


\begin {equation*}\begin {split} \ddf {\FH }{t} &= \inner {\paf {\vv }{t}, \vv }_\HS + \inner {\delf {\EE }{\uu }, \paf {\uu }{t}}_{L^2} \\ &= \inner {\paf {\vv }{t}, \paf {\uu }{t}}_\HS + \inner {\G _\HS \delf {\EE }{\uu }, \paf {\uu }{t}}_\HS = \inner {\paf {\vv }{t}+\G _\HS \delf {\EE }{\uu }, \paf {\uu }{t}}_\HS = 0. \end {split}\end {equation*}


$(\uu , \vv )$


$(\uu ^{n}, \vv ^{n})$


$t^n=n\Dt $


$(u, v) \in V^2$


$(\uu ^{n}, \vv ^{n})$


$V^2$


$(\uu ^{n+1}, \vv ^{n+1})$


$(\uu ^{n}, \vv ^{n})$


\begin {align}\f {\uu ^{n+1}-\uu ^n}{\Dt } &= \f {\vv ^{n+1}+\vv ^n}{2},\nonumber \\ \f {\vv ^{n+1}-\vv ^n}{\Dt } &= -\na _\HS \, \EE \rob {\uu ^{n+1},\uu ^n}, \label {wave_secant}\end {align}


$\na _\HS \, \EE \rob {\uu ^{n+1},\uu ^n}$


$\grad _\HS \EE \rob {\uu }$


$\uu ^n$


$\uu ^{n+1}$


$\na _\HS \, \EE \rob {\uu ^{n+1},\uu ^n}$


\begin {equation*}\FH \rob {\uu ^n,\vv ^n} = \f {1}{2} \pip {\vv ^n}^2_\HS + \EE \rob {\uu ^n},\end {equation*}


$\na _\HS \,\EE \rob {\wwb ,\wwf }$


$\wwf , \wwb $


\begin {equation}\label {grad_cond} \inner {\na _\HS \,\EE \rob {\wwb ,\wwf }, \wwb -\wwf }_\HS = \EE \rob {\wwb } - \EE \rob {\wwf }.\end {equation}


$\Dt $


\begin {equation*}\FH \rob {\uu ^{n+1},\vv ^{n+1}} = \FH \rob {\uu ^n,\vv ^n}.\end {equation*}


\begin {align}\FH \rob {\uu ^{n+1},\vv ^{n+1}} - \FH \rob {\uu ^n,\vv ^n} = \f {1}{2} \pip {\vv ^{n+1}}^2_\HS - \f {1}{2} \pip {\vv ^n}^2_\HS + \EE \rob {\uu ^{n+1}} - \EE \rob {\uu ^n}. \label {secant_proof_eq1}\end {align}


\begin {align*}\f {1}{2} \pip {\vv ^{n+1}}^2_\HS &- \f {1}{2} \pip {\vv ^n}^2_\HS = \f {1}{2} \inner { \vv ^{n+1}-\vv ^n, \vv ^{n+1}+\vv ^n }_\HS \\ &= \inner {-\na _\HS \, \EE \rob {\uu ^{n+1},\uu ^n}, \uu ^{n+1}-\uu ^n}_\HS = \EE \rob {\uu ^n} - \EE \rob {\uu ^{n+1}}\end {align*}


$\FH \rob {\uu ^{n+1},\vv ^{n+1}} - \FH \rob {\uu ^n,\vv ^n}=0$


$\FH \rob {t}$


\begin {equation*}\FH \rob {t^n} := \FH \rob {\uu ^{n},\vv ^{n}} = \FH \rob {\uu ^0,\vv ^0} = \FH \rob {t^0},\end {equation*}


$\Dt $


\begin {equation*}\inner {\bar {\nabla } H(y_2,y_1), y_2-y_1} = H(y_2) - H(y_1),\end {equation*}


$H(y)$


\begin {equation*}y_2 = y_1 + h J \bar {\nabla } H(y_2, y_1),\end {equation*}


$J$


\begin {equation*}\bar {\nabla } H(y_2, y_1) = \left ( \frac {v_2+v_1}{2}, \nabla _V {\mathcal E}(u_2, u_1) \right ),\end {equation*}


$y_i = (u_i, v_i)$


$\nabla _\HS \EE (\wwb ,\wwf )$


$\na _\HS \,\EE \rob {\wwb ,\wwf }$


\begin {equation}\label {GeneralEnergy} \EE \rob {\uu } = \int _\Omega \rob { \frac {1}{2} \uu \LL \uu + \Phi \rob {u} } \,d\mathbf {x},\end {equation}


$\LL $


$L^2$


\begin {equation*}\grad _{L^2} \EE \rob {\uu } = \LL \uu + \Phi '\rob {\uu }.\end {equation*}


$L^2$


\begin {equation}\label {GeneralEnergySecantL2} \na _{L^2}\, \EE \rob {\wwb ,\wwf } = \LL \f {\wwb +\wwf }{2} + \f {\Phi \rob {\wwb }-\Phi \rob {\wwf }}{\wwb -\wwf },\end {equation}


$\f {\Phi \rob {\wwb (x)}-\Phi \rob {\wwf (x)}}{\wwb (x)-\wwf (x)}$


$\Phi '\rob {\wwf (x)}$


$\Phi '\rob {\wwb (x)}$


$\wwf (x)=\wwb (x)$


$\f {\Phi (\wwb )-\Phi (\wwf )}{\wwb -\wwf }$


\begin {align*}\EE \rob {\wwb } &- \EE \rob {\wwf } = \int _\Omega \relax { \rob {\f {1}{2} \wwb \LL \wwb - \f {1}{2} \wwf \LL \wwf + \Phi \rob {\wwb } - \Phi \rob {\wwf } } } \;d\bfx \\ =& \int _\Omega \relax { \rob { \f {1}{2} \rob {\wwb -\wwf } \LL \rob {\wwb +\wwf } + \rob {\wwb -\wwf } \f {\Phi \rob {\wwb } - \Phi \rob {\wwf }}{\wwb -\wwf } } } \;d\bfx \\ = & \inner { \LL \f {\wwb +\wwf }{2} +\f {\Phi \rob {\wwb } - \Phi \rob {\wwf }}{\wwb -\wwf }, \: \wwb -\wwf }_{L^2}.\end {align*}


\begin {equation*}\grad _{\HS } \EE \rob {\uu } = \G _\HS \rob { \LL \uu + \Phi '\rob {\uu } },\end {equation*}


$\HS $


\begin {equation}\label {GeneralEnergySecantHinv} \na _{\HS }\, \EE \rob {\wwb ,\wwf } = \G _\HS \left ( \LL \f {\wwb +\wwf }{2} + \f {\Phi \rob {\wwb }-\Phi \rob {\wwf }}{\wwb -\wwf } \right ).\end {equation}


$\na _{\HS }\, \EE \rob {\wwb ,\wwf }$


$\delf {\EE }{\uu }$


$\EE \rob {\uu }$


$\G _\HS $


$L^2$


\begin {equation*}R_s=\sqb {r_1, r_2, \cdots , r_s},\end {equation*}


$R_s$


$\rob {\uu ^{n+1},\vv ^{n+1}}$


$t^{n+1} = t^n + \Dt $


\begin {equation*}\uu _0 = \uu ^n, \; \vv _0 = \vv ^n\end {equation*}


$\rob {\uu _i,\vv _i}$


$i=1,2,\cdots ,s$


\begin {align}\f {\uu _i-\uu _{i-1}}{r_i\Dt } &= \f { \vv _i+\vv _{i-1} }{2}, \nonumber \\ \f {\vv _i-\vv _{i-1}}{r_i\Dt } &= -\na _\HS \, \EE \rob {\uu _i,\uu _{i-1}}. \label {wave_SSD}\end {align}


\begin {equation*}\uu ^{n+1}=\uu _s, \; \vv ^{n+1}=\vv _s.\end {equation*}


$r_i \Dt $


\begin {equation*}\FH \rob {\uu _i,\vv _i} = \FH \rob {\uu _{i-1},\vv _{i-1}}.\end {equation*}


$\FH \rob {\uu ^{n+1},\vv ^{n+1}} = \FH \rob {\uu ^n,\vv ^n}$


$\Dt $


\begin {align*}\FH \rob {\uu _{i},\vv _{i}} - \FH \rob {\uu _{i-1},\vv _{i-1}} = \f {1}{2} \pip {\vv _{i}}^2_\HS - \f {1}{2} \pip {\vv _{i-1}}^2_\HS + \EE \rob {\uu _{i}} - \EE \rob {\uu _{i-1}}\end {align*}


\begin {equation*}\begin {split} \f {1}{2} \pip {\vv _{i}}^2_\HS &- \f {1}{2} \pip {\vv _{i-1}}^2_\HS = \f {1}{2} \inner { \vv _{i}-\vv _{i-1}, \vv _{i}+\vv _{i-1} }_\HS \\ &= \inner {-\na _\HS \, \EE \rob {\uu _{i},\uu _{i-1}}, \uu _{i}-\uu _{i-1}}_\HS = \EE \rob {\uu _{i-1}} - \EE \rob {\uu _{i}}. \end {split}\end {equation*}


$\FH \rob {\uu _i,\vv _i} = \FH \rob {\uu _{i-1},\vv _{i-1}}$


$r_i \Dt $


$i=1, 2, \cdots , s$


\begin {equation*}\FH \rob {\uu ^{n+1},\vv ^{n+1}} = \FH \rob {\uu _s,\vv _s} = \FH \rob {\uu _0,\vv _0} = \FH \rob {\uu ^n,\vv ^n},\end {equation*}


$\FH \rob {\uu ^n,\vv ^n}$


$\bw _{i} = (u_i, v_i)$


$\overline {\bw }_{i}=(\ou _i, \ov _i)=\frac {1}{2} (\bw _{i} + \bw _{i-1})$


\begin {equation}\label {SSD-vector} \frac { \bw _{i} - \bw _{i-1} }{r_i\Dt } = \BF _i(\obw _i), \mbox { for } i=1, 2, \cdots , s.\end {equation}


$\BF _i(\obw _i)$


\begin {equation}\label {SSD-vector_b} \BF _i(\obw _i) = \Bf _{0} (\obw _i) + \sum _{p=1}^{\infty } r_i^{2p} \Dt ^{2p} \: \Bf _{2p} (\obw _i),\end {equation}


$\Bf _{0}(\obw _i) = (\ov _i,\, -\G _\HS (\LL \ou _i+\Phi '(\ou _i)))$


$\Bf _{2p}(\obw _i) = (0,\, \frac {-1}{2^{2p} (2p+1)!} \ov _i^{2p} \: \Phi ^{(2p+1)} (\amid ))$


$p \ge 1$


\begin {equation*}\frac { \bw _{i} - \bw _{i-1} }{r_i\Dt } =\big (\ov _i,\, -\G _\HS \rob {\LL \ou _i + D \Phi \rob {\uu _{i}, \uu _{i-1}}} \big ),\end {equation*}


\begin {equation*}D \Phi \rob {\uu _{i}, \uu _{i-1}} = \f {\Phi \rob {\uu _{i}}-\Phi \rob {\uu _{i-1}}}{\uu _{i}-\uu _{i-1}}.\end {equation*}


$\Phi \rob {\uu _{i}}$


$\Phi \rob {\uu _{i-1}}$


$\amid $


\begin {align*}\Phi \rob {\anew } &= \Phi \rob {\amid } + \adiff \Phi ' \rob {\amid } + \f {1}{2!} \adiff ^2 \Phi ''\rob {\amid } + \f {1}{3!} \adiff ^3 \Phi '''\rob {\amid } + \cdots , \\ \Phi \rob {\aold } &= \Phi \rob {\amid } - \adiff \Phi ' \rob {\amid } + \f {1}{2!} \adiff ^2 \Phi ''\rob {\amid } - \f {1}{3!} \adiff ^3 \Phi '''\rob {\amid } + \cdots ,\end {align*}


$\delta \uu _i = \f {1}{2} (\anew - \aold )$


\begin {align*}D \Phi \rob {\uu _{i}, \uu _{i-1}} &= \f {\Phi \rob {\anew }-\Phi \rob {\aold }}{2\delta \uu _i} = \Phi ' \rob {\amid } + \f {1}{3!} \adiff ^2 \Phi '''\rob {\amid } + \cdots \\ &= \Phi ' \rob {\amid } + \sum _{p=1}^{\infty } \frac {\adiff ^{2p}}{(2p+1)!} \; \Phi ^{(2p+1)} (\amid ).\end {align*}


$\delta \uu _i = \frac {1}{2} r_i \Dt \ov _i$


\begin {equation*}D \Phi \rob {\uu _{i}, \uu _{i-1}} = \Phi ' \rob {\amid } + \sum _{p=1}^{\infty } \f {r_i^{2p} \Dt ^{2p}}{2^{2p} (2p+1)!} \ov _i^{2p} \: \Phi ^{(2p+1)} (\amid )\end {equation*}


$D \Phi \rob {\uu _{i}, \uu _{i-1}}$


$\obw _i=(\amid , \ov _i)$


$i$


$i$


\begin {equation}\label {SSD-vector2} \bw _{i} - \bw _{0} = \Dt \sum _{j=1}^{i} r_j \BF _j (\obw _j),\end {equation}


$\obw _i$


\begin {equation}\label {SSD_inter_midpts} \obw _i = \bw _0 + r_1 \Dt \BF _1(\obw _1) + r_2 \Dt \BF _2 (\obw _2) + \cdots + \frac {r_i}{2} \Dt \BF _i(\obw _i).\end {equation}


\begin {equation}\label {SSD-matrix} \begin {bmatrix} \obw _1 \\ \obw _2 \\ \vdots \\ \obw _s \end {bmatrix} = \bfone \bw _0 + \Dt \left [ \begin {array}{cccc} \frac {r_1}{2} & 0 & \cdots & 0 \\ r_1 & \frac {r_2}{2} & \cdots & 0 \\ \vdots & \vdots & \ddots & 0 \\ r_1 & r_2 & \ldots & \frac {r_s}{2} \end {array} \right ] \begin {bmatrix} \BF _1(\obw _1) \\ \BF _2(\obw _2)\\ \vdots \\ \BF _s(\obw _s) \end {bmatrix},\end {equation}


$\bfone $


$s$


$1$


$(u,v)$


$\bw ^{n+1} = \bw _s$


$\bw ^{n} = \bw _0$


\begin {equation}\label {SSD_eval} \bw ^{n+1} = \bw ^n + \Dt \sum _{j=1}^{s} r_j \BF _j (\obw _j).\end {equation}


$(V^2)^s$


\begin {equation*}\bW = {\big [\obw _j\big ]}_{j=1}^s \mbox { and } \bF (\bW ) = {\big [\BF _j(\obw _j)\big ]}_{j=1}^s.\end {equation*}


\begin {equation}\label {SmsButcher} \begin {array}{c|c} \:\bc & \bA \\ \hline {} & \bb ^T \end {array} ~=~ \begin {array}{c|ccccc} c_1 & \frac {r_1}{2} & 0 & 0 & \cdots & 0 \\ c_2 & r_1 & \frac {r_2}{2} & 0 & \cdots & 0 \\ \vdots & \vdots & \vdots & \vdots & \ddots & \vdots \\ c_s & r_1 & r_2 & r_3 & \cdots & \frac {r_s}{2} \\ \hline {} & r_1 & r_2 & r_3 & \cdots & r_s \end {array},\end {equation}


$\bA \in \RR ^{s\times s}$


$\bb \in \RR ^s$


$\bc =\bA \bfone $


$\bfone =\rob {1,1,\ldots ,1}^T \in \RR ^s$


\begin {equation}\label {inter-approx} \bW = \bfone \bw ^n + \Dt \bA \bF (\bW ),\end {equation}


$\bw ^{n+1} = \bw ^{n} + \Dt \bb ^T \bF (\bW )$


$(A\mathbf {Z})_i = \sum _{j=1}^s a_{ij} Z_j$


$A=(a_{ij})\in \mathbb {R}^{s\times s}$


$\mathbf {Z}=[Z_j]_{j=1}^s\in (V^2)^s$


$\BF _j$


$j$


$R_s=\sqb {r_1, r_2, \cdots , r_s}$


$\BF _i(\obw _i)$


\begin {equation}\label {SSD-vec-2} \bF (\bW ) = \Bf _{0} (\bW ) + \Dt ^2 \bb ^2 \Bf _{2} (\bW ) + \Dt ^4 \bb ^4 \Bf _{4} (\bW ) + \cdots ,\end {equation}


$(\bb \mathbf {Z})_i = b_i Z_i$


$\bb =(b_i)_{i=1}^s\in \mathbb {R}^s$


$\mathbf {Z}=[Z_i]_{i=1}^s\in (V^2)^s$


$\Bf _{2} (\bW )$


$\Bf _{4} (\bW )$


$\pa _t\bw = \Bf _0 \rob {\bw } = (v,\, -\G _\HS (\LL u+\Phi '(u)))$


$\bw = \rob {u,v}$


\begin {equation}\label {TaylorExact} \bw ^{n+1} = \bw ^n + \Dt \pa _t\bw \rob {t^n} + \f {1}{2} \Dt ^2 \pa _t^2\bw \rob {t^n} + \f {1}{6} \Dt ^3 \pa _t^3\bw \rob {t^n} + \f {1}{24} \Dt ^4 \pa _t^4\bw \rob {t^n} + O \rob {\Dt ^5},\end {equation}


\begin {align*}\pa _t\bw \rob {t^n} &= \Bf _0, ~ \pa _t^2\bw \rob {t^n} = \Bf _0 \Bf '_0, ~ \pa _t^3\bw \rob {t^n} = \Bf _0 \Bf _0 \Bf ''_0 + \Bf _0 \Bf '_0 \Bf '_0 , \\ \pa _t^4\bw \rob {t^n} &= \Bf _0 \Bf _0 \Bf _0 \Bf '''_0 + 3\Bf _0 (\Bf _0 \Bf '_0) \Bf ''_0 + \Bf _0 (\Bf _0 \Bf ''_0) \Bf '_0 + \Bf _0 \Bf '_0 \Bf '_0 \Bf '_0.\end {align*}


$\bw $


$\Bf _{0} = \Bf _{0}(\bw ^n)$


$\Bf '_{0} = \Bf '_{0}(\bw ^n)$


$\Bf ''_{0} = \Bf ''_{0}(\bw ^n)$


$\Bf '''_{0} = \Bf '''_{0}(\bw ^n)$


$\Bf _0$


$\Bf _0'$


\begin {equation*}(a_i)(b_{ijk}) = \left ( \sum _i a_i b_{ijk} \right ),\; (a_i)(b_{ijkl}) = \left (\sum _i a_i b_{ijkl}\right ), \; (a_{ij})(b_{jk}) = \left (\sum _j a_{ij} b_{jk}\right ).\end {equation*}


$\bc = \bA \bfone $


$\bF (\bW )$


$\bw ^n$


$\Bg := \frac {1}{\Dt }(\bW - \bfone \bw ^n) = \bA \bF (\bW )$


$\bW $


$\bW = \bfone \bw ^n + \Dt \Bg $


\begin {equation*}\bF (\bW ) = \bfone \Bf _{0} + \Dt \Bg \Bf '_{0} + \f {1}{2} \Dt ^2 \Bg \Bg \Bf ''_{0} + \f {1}{6} \Dt ^3 \Bg \Bg \Bg \Bf '''_{0} + \Dt ^2 \bb ^2 \Bf _{2} + \Dt ^3 \bb ^2 \Bg \Bf '_{2} + O(\Dt ^4),\end {equation*}


$\Bf _{2} = \Bf _{2}(\bw ^n)$


$\Bf '_{2} = \Bf '_{2}(\bw ^n)$


$\bF (\bW )$


$\bw ^n$


\begin {align*}\bF (\bW ) &= \bfone \Bf _{0} + \Dt \bc \Bf _{0} \Bf '_{0} + \Dt ^2 \left ( \bA \bc \Bf _0 \Bf '_{0}\Bf '_{0} + \f {1}{2} \bc ^2 \Bf _0 \Bf _{0}\Bf ''_{0} \right ) + \Dt ^2 \bb ^2 \Bf _{2} \\ &+ \Dt ^3 \left ( \bA ^2 \bc \Bf _0 \Bf '_0 \Bf '_{0} \Bf '_{0} + \f {1}{2} \bA \bc ^2 \Bf _0 (\Bf _0 \Bf ''_0) \Bf '_{0} + \bc \bA \bc \Bf _0 (\Bf _0 \Bf '_{0}) \Bf ''_{0} + \f {1}{6} \bc ^3 \Bf _0 \Bf _0 \Bf _{0} \Bf '''_{0} \right ) \\ & + \Dt ^3 \left ( \bA \bb ^2 \Bf _{2}\Bf '_0 + \bb ^2 \bc \Bf _0 \Bf '_{2} \right ) + O(\Dt ^4).\end {align*}


$\bc \bA \bc $


$\bw ^{n+1} = \bw ^{n} + \Dt \bb ^T \bF (\bW )$


\begin {align*}&\bb ^T \bfone = 1, \qquad \bb ^T \bc = \f {1}{2}, \qquad \bb ^T \bA \bc =\f {1}{6}, \, \bb ^T \bc ^2=\f {1}{3}, \, \bb ^T \bb ^2 = 0, \\ &\bb ^T \bA ^2\bc =\f {1}{24}, \, \bb ^T \bA \bc ^2=\f {1}{12}, \, \bb ^T \rob {\bc \bA \bc }=\f {1}{8}, \, \bb ^T \bc ^3=\f {1}{4}, \, \bb ^T \bA \bb ^2=0, \, \bb ^T (\bb ^2 \bc )=0.\end {align*}


$\bA , \bb $


$\bc $


\begin {equation*}\bb ^T \bA = (\bb ^T \bfone ) \bb ^T - (\bb \bc )^T.\end {equation*}


$\bb ^T \bfone = 1$


$\bb ^T \bA = \bb ^T - (\bb \bc )^T$


$l_{ij} = 1$


$i>j$


$\delta _{ij}= 1$


$i=j$


$\bA = [a_{ij}]$


$a_{ij} = l_{ij} r_j + \f {1}{2} \delta _{ij} r_j$


\begin {align*}(\bb ^T \bA )_j &= \sum _{i=1}^s r_i \left ( l_{ij} r_j + \f {1}{2} \delta _{ij} r_j \right ) \\ &= \left ( \sum _{i>j} r_i + \f {1}{2} r_j \right ) r_j = \left ( \sum _{i=1}^s r_i - c_j \right ) r_j.\end {align*}


$\bA , \bb $


$\bc $


\begin {align*}\bb ^T \bc = \bb ^T \bA \bfone &\equiv (\bb ^T \bfone )^2 - (\bb \bc )^T \bfone &\quad \therefore &~ \bb ^T \bfone = \pm 1 ~~\leftrightarrow ~~ \bb ^T \bc = 1/2 \\ \bb ^T \bA \bc &\equiv 1/2 - (\bb \bc )^T \bc &\quad \therefore &~ \bb ^T \bA \bc = 1/6 ~~\leftrightarrow ~~ \bb ^T \bc ^2 = 1/3 \\ \bb ^T \bA \bc ^2 &\equiv 1/3 - (\bb \bc )^T \bc ^2 &\quad \therefore &~ \bb ^T \bA \bc ^2 = 1/12 ~~\leftrightarrow ~~ \bb ^T \bc ^3 = 1/4 \\ \bb ^T \bA ^2 \bc &\equiv 1/6 - (\bb \bc )^T \bA \bc &\quad \therefore &~ \bb ^T \bA ^2 \bc = 1/24 ~~\leftrightarrow ~~ \bb ^T \rob {\bc \bA \bc } = 1/8 \\ \bb ^T \bA \bb ^2 &\equiv \bb ^T \bb ^2 - (\bb \bc )^T \bb ^2 &\quad \therefore &~ \bb ^T \bA \bb ^2 = 0 ~~ \leftrightarrow ~~\bb ^T \rob {\bb ^2\bc } = 0 ~~\mbox { if }~~ \bb ^T \bb ^2 = 0\end {align*}


$\bA , \bb $


$\bc $


\begin {equation*}2\bA \bc = \bc ^2 + \f {1}{4} \bb ^2.\end {equation*}


$i$


$\bb $


$\bc $


$\bA \bc $


\begin {equation*}b_i = r_i, \quad c_i = \sum _{j=1}^{i-1} r_j + \f {1}{2} r_i, \quad \rob {\bA \bc }_i = \sum _{j=1}^{i-1} r_j c_j + \f {1}{2} r_i c_i.\end {equation*}


$2 \rob {\bA \bc }_1 = r_1 c_1 = c_1^2 + \f {1}{4} r_1^2$


\begin {equation*}2 \rob {\bA \bc }_i = 2 \sum _{j=1}^{i-1} r_j c_j + r_i c_i = c_i^2 + \f {1}{4} r_i^2.\end {equation*}


$c_i+\f {1}{2}r_i=c_{i+1}-\f {1}{2}r_{i+1}$


\begin {align*}2 \rob {\bA \bc }_{i+1} &= 2 \sum _{j=1}^{i} r_j c_j + r_{i+1} c_{i+1} = 2\rob {\bA \bc }_i + r_i c_i + r_{i+1} c_{i+1} \\ &= \rob {c_i + \f {1}{2} r_{i} }^2 + r_{i+1} c_{i+1} \\ &=\rob {c_{i+1} - \f {1}{2} r_{i+1}}^2 + r_{i+1} c_{i+1} = c_{i+1}^2 + \f {1}{4} r_{i+1}^2.\end {align*}


$\bA , \bb $


$\bc $


$\bA , \bb $


$\bc $


\begin {equation*}\bb ^T (\bx \bA \by ) + \bb ^T (\by \bA \bx ) = (\bb ^T \bx ) (\bb ^T \by ),\end {equation*}


$\bx $


$\by $


$M_{ij} := l_{ij} + \f {1}{2} \delta _{ij}$


$1$


$i>j$


$1/2$


$i=j$


$0$


$i<j$


$\bA \bx $


$\bM (\bb \bx )$


$\bx $


$\by $


\begin {align*}\bb ^T (\bx \bA \by ) + \bb ^T (\by \bA \bx ) &= (\bb \bx )^T \bM (\bb \by ) + (\bb \by )^T \bM (\bb \bx ) \\ &= (\bb \bx )^T (\bM + \bM ^T) (\bb \by ) = (\bb ^T\bx ) (\bb ^T\by ),\end {align*}


$\bM + \bM ^T = \bfone \bfone ^T$


$2 \bb ^T (\bx \bA \bx ) = (\bb ^T \bx )^2$


\begin {equation*}2 \bb ^T (\bx \bA \bx ) - (\bb ^T \bx )^2 = \sum _i b_i x_i \rob { \sum _j 2 a_{ij} x_j - b_j x_j} =2 \sum _i b_i x_i \rob { \sum _j k_{ij} b_j x_j} = 0,\end {equation*}


$k_{ij} = 1/2$


$i>j$


$-1/2$


$i<j$


$0$


$i=j$


$\bb ^T (\bc \bA \bc ) = \f {1}{2}(\bb ^T \bc )^2$


$R_1 = [1]$


$R_3(\gamma )= [ \gamma _1, \; \gamma , \; \gamma _3]$


\begin {equation*}\gamma _1 + \gamma _3 = 1-\gamma ,\quad \gamma _1 \gamma _3 = \frac {1-3\gamma +3\gamma ^2}{3(1-\gamma )}\end {equation*}


$\gamma < \gamma ^* := -2 (\sqrt [3]{2}+1/\sqrt [3]{2}+1/2)/3$


$\gamma >1$


$R_3(\gamma ^*)$


$R_1=[1]$


$R_3(8/5) \approx [1.1985, 1.6000, -1.7985]$


$R_3(\gamma ^*) \approx [1.3512, -1.7024, 1.3512]$


\begin {equation}\label {SLW-GLP-form} \uu _{tt} + \G _\HS \rob { \LL \uu + \Phi ' \rob {\uu }} = 0,\end {equation}


\begin {equation*}\mathcal {H}\rob {\uu ,\vv } = \f {1}{2} \pip {\vv }^2_\HS + \int _\Omega \rob {\f {1}{2} \uu \LL \uu + \Phi \rob {\uu }} d\bfx .\end {equation*}


\begin {equation*}\uu _{tt} - \nabla \cdot \rob {\mob \nabla \uu } + \sin \uu = 0\end {equation*}


$\G _\HS =I$


$\LL \uu = -\nabla \cdot \rob {\mob \nabla \uu }$


$\mob $


$\Phi \rob {\uu } = 1 - \cos \uu $


\begin {equation}\uu _{tt} + \Delta \rob {\Delta \uu - \uu + 3\uu ^2} = 0 \label {Xeqn20-24}\end {equation}


$\G _\HS = - \Delta $


$\LL \uu = -\Delta \uu $


$\Phi \rob {\uu } = \f {1}{2} \uu ^2 - \uu ^3$


\begin {align}\f {\uu _i-\uu _{i-1}}{r_i\Dt } &= \f {\vv _i+\vv _{i-1}}{2}, \notag \\ \f {\vv _i-\vv _{i-1}}{r_i\Dt } &= - \GG \rob {\LL \f {\uu _i+\uu _{i-1}}{2} + \Psi \rob {u_i,u_{i-1}}}, \label {wave_successive_Psi}\end {align}


\begin {equation*}\Psi \rob {u_i, u_{i-1}} = \f {\Phi \rob {u_i}-\Phi \rob {u_{i-1}}}{\uu _i-\uu _{i-1}}.\end {equation*}


\begin {equation}\uu _i + \f {1}{4} r_i^2\Dt ^2 \GG \rob {\LL \uu _i + 2 \Psi \rob {u_i,u_{i-1}}} = \varphi _i, \label {SSD_simp}\end {equation}


$\varphi _i = \uu _{i-1} + r_i\Dt \vv _{i-1} - \f {1}{4} r_i^2\Dt ^2 \GG \LL \uu _{i-1}$


$i$


$u_i^{(0)} = u_{i-1}$


\begin {align*}\uu _i^{(m+1)} &+ \f {1}{4} r_i^2\Dt ^2 \GG \rob {\LL \uu _i^{(m+1)} + 2\Psi '\rob {\uu _i^{(m)},\uu _{i-1}} \uu _i^{(m+1)} } \\ &= \varphi _i - \f {1}{2} r_i^2\Dt ^2 \GG \rob { \Psi \rob {\uu _i^{(m)},\uu _{i-1}} - \uu _i^{(m)} \Psi '\rob {\uu _i^{(m)},\uu _{i-1}} },\end {align*}


$\Psi '\rob {\uu ,\uu _{i-1}}$


$\uu $


$\uu _{i-1}$


$I + \f {1}{4}r_i^2\Dt ^2 \GG (\LL + 2\Phi '')$


$\Psi '\rob {\uu _i^{(m)}, \uu _{i-1}}$


$\Phi ''(\uu _i)$


$P$


\begin {equation*}P = I + \f {1}{4}r_i^2\Dt ^2 \GG \LL .\end {equation*}


$m$


$\uu _i^{(m+1)}$


$tol=10^{-10}$


$\uu _i = \uu _i^{(m+1)}$


\begin {equation*}\vv _i = 2 \f {\uu _i-\uu _{i-1}}{r_i\Dt } - v_{i-1}.\end {equation*}


$u_i$


$v_i$


$i=1,2,\cdots ,s$


$u^{n+1} = u_s$


$v^{n+1}=v_s$


$\uu _{tt} = \Delta \uu - \sin {\uu }$


$\mob = {\mathbf I}$


$\EE \rob {\uu } = \int _\Omega \rob {\f {1}{2} \veb {\na \uu }^2 + \Phi \rob {\uu }} d\bfx $


$\Phi \rob {\uu } = 1-\cos {\uu }$


\begin {equation*}\uu (x,t) = 4 \tan ^{-1} \rob { e^{(x - x_1 - v_1 t)/\sqrt {1-v_1^2}} } -4 \tan ^{-1} \rob { e^{(x - x_2 - v_2 t)/\sqrt {1-v_2^2}} },\end {equation*}


$(x_1, v_1) = (-10, 0.5)$


$(x_2, v_2) = (10, 0.25)$


$\Omega = [-64,64]$


$t=0, 8, 16, 24, 32$


$\mathcal {H}_F(u, v)$


$t\le 64$


$R_3(\gamma ^*)$


$T_f = 64$


$N_x = 512$


$\Dt = T_f / 2^{12}$


$\Dt = T_f / 2^{7}, \cdots , T_f/2^9$


$t=16, 48$


$\Dt = T_f / 2^{11}, \cdots , T_f/2^6$


$t=16$


$t=48$


$R_3(8/5)$


$T_f=256$


$x=64$


$32 < t\le 128$


$128 < t \le 256$


$t=32, 64, \cdots , 256$


$v_1=0.5$


$v_2=0.25$


$t<64$


$t>64$


$128 < t < 224$


$v_1=1/2$


$v_2=1/4$


$x\,-\,t$


$v_1=0.5$


$v_2=0.25$


$t \approx 137$


$t \approx 215$


$t \approx 64$


$\mob = 1 + \frac {\alpha }{1+e^{-5\bfx }}$


\begin {equation*}\uu _{tt} - \nabla \cdot \rob {\mob \nabla \uu } + \sin \uu = 0,\end {equation*}


$\EE \rob {\uu } = \int _\Omega \rob {\f {1}{2} \veb {\mob \na \uu }^2 + \Phi \rob {\uu }} d\bfx $


$\Phi \rob {\uu } = 1-\cos {\uu }$


\begin {equation*}\uu (x,t) = 4 \tan ^{-1} \rob { e^{(x - x_1 - v_1 t)/\sqrt {1-v_1^2}} } -4 \tan ^{-1} \rob { e^{(x - x_2 - v_2 t)/\sqrt {1-v_2^2}} },\end {equation*}


$(x_1, v_1) = (-30, 0.5)$


$(x_2, v_2) = (-10, 0.5)$


$\Omega = [-64,64]$


$\alpha =0.2$


$\alpha = 0.2$


${\mathbf M}(64) \approx 1.2$


$N_x=768$


$\Dt =0.1$


$t \le 100$


$x \approx 0$


$0.33$


$t > 25$


$t > 65$


$t=100$


$\alpha =0.2$


$l_2$


$R_3(\gamma ^*)$


$N_x$


$\Dt $


$R_3(8/5)$


$l_2$


$R_3(\gamma ^*)$


$N_x$


$\Dt $


$R_3(8/5)$


$\mob $


$\alpha = 0.4$


$t \approx 25$


$t \approx 65$


$\alpha =0.4$


$u_{tt} + \left ( u_{xx} + 3 u^2 - u \right )_{xx} = 0$


\begin {equation}\label {H-BS} \mathcal {H}_{BS}\rob {\uu ,\vv } = \f {1}{2} \pip {\vv }^2_{H^{-1}} + \int _\Omega \rob {\f {1}{2} \| \nabla \uu \|^2 + \Phi \rob {\uu }} d\bfx \end {equation}


$\Phi \rob {\uu } = \f {1}{2} \uu ^2 - \uu ^3$


$2b_i^2 \,\text {sech}^2\, (b_i (x-x_i - c_i t))$


$(b_1,x_1) = (0.12, 128)$


$(b_2,x_2) = (0.08,384)$


$c_i=(-1)^{i-1} \sqrt {1-4b_i^2}$


\begin {equation*}u(x,t) = 2 \frac {d^2}{dx^2} \log \left ( 1 + e^{\eta _1(x,t)} + e^{\eta _2(x,t)} + A e^{\eta _1(x,t)+\eta _2(x,t)} \right )\end {equation*}


$\eta _i(x,t) = 2 b_i(x-x_i - c_i t)$


$A = \frac { (c_1-c_2)^2 - 12(b_1-b_2)^2}{ (c_1-c_2)^2 - 12(b_1+b_2)^2}$


$\Omega = [0,512]$


$N_x = 512$


$\Dx = 1$


$\mathcal {H}_F(u, v)$


$\Dt =0.5$


$T_f=256$


$R_3(\gamma ^*)$


$\uu ^0 = \uu (\cdot , 0)$


$\vv ^0 = \uu _t(\cdot , 0)$


$R_3(\gamma ^*)$


$t=128$


$t=128$


$R_3(\gamma ^*)$


$N_x \geq 256$


$t=128$


$R_3(8/5)$


$t=256$


$3.2$


\begin {equation}\label {PDE-BS} u_{tt} + \Delta \left ( \Delta u + 3 u^2 - u\right ) = 0\end {equation}


$[-64,64]^2$


$2 l_0$


$(x_0, y_0)$


$\theta $


\begin {equation*}\sqb { \begin {array}{@{}c@{}}x'\\ y' \end {array} } = \sqb { \begin {array}{@{}cc@{}}\cos \theta & \sin \theta \\ {-}\sin \theta & \cos \theta \end {array} } \sqb {\begin {array}{@{}c@{}}x -x_0 \\ y-y_0 \end {array} }\end {equation*}


$(x_0,y_0)=(-10,-5)$


$\theta =\pi /6$


\begin {equation*}u_0(x,y) = \begin {cases} 2 b_1^2 \,\text {sech}^2\, (bx') \:, & |y'| \le l_0 \\ 2 b_1^2 \,\text {sech}^2\, (br') \:, & |y'| > l_0 \end {cases}\end {equation*}


$l_0=20$


$b=1/3$


$r'=\sqrt {(x')^2 + (|y'|-l_0)^2}$


$u_0(x,y)$


$u_0(x,y)$


$\theta $


$c=\sqrt {1-4 b^2}$


$u_0(x,y)$


$C^1$


$u(x,y,t{=}0)$


$u_t(x,y,t{=}0)$


$2.0$


$e^{-(x^2+y^2)/4.0}$


$\Dx {=} \Dy {=} 1/4$


$\theta $


$u$


$u_{\rm shift}$


$u_{\rm shift}$


$u_{\rm shift}$


$\theta $


$c = \sqrt {5} / 3$


$l_0 = 40, 80, 160$


$l_0=20$


$\Dx = \Dy = 1$


$[-128,128]^2$


$[-192,192]^2$


$[-256,256]^2$


$l_0=20, 40, 80, 160$


$\frac {|| u_{\rm comp} - u_{\rm shift} ||_{L^2(\Omega )}}{||u_{0}||_{L^2(\Omega )}}$


$1 / \sqrt {l_0}$


$\sqrt {l_0}$


$\eqv {L\ref {lem_btA}}$


$\eqv {L\ref {lem_AM}}$


$\eqv {L\ref {lem_XAX}}$


\begin {align*}& \rm {\linkref [Lemma]{\ref {lem_btA}}}:\quad \bb ^T \bA = \bb ^T - (\bb \bc )^T, \\ & \rm {\linkref [Lemma]{\ref {lem_AM}}}:\quad \bb ^T (\bx \bA \by ) + \bb ^T (\by \bA \bx ) = (\bb ^T \bx ) (\bb ^T \by ), \\ & \rm {\linkref [Lemma]{\ref {lem_XAX}}}:\quad 2 \bb ^T (\bx \bA \bx ) = (\bb ^T \bx )^2.\end {align*}


$0_{Rp}$


$\eqv {Rp}$


$p$


\begin {equation*}[\bb ^T (\bc \bA \bc ) - \f {1}{8}] \eqLd 0_{R2}\end {equation*}


$\eqLb $


\begin {align*}\mbox {\linkref [Lemma]{\ref {lem_Ac}}} & :\quad 2\bA \bc = \bc ^2 + \f {1}{4} \bb ^2.\end {align*}


$0_{Np}$


$\eqv {Np}$


$p$


$p=2, 3, 4, 5, 6$


\begin {equation*}\uu _{tt} - \nabla \cdot \rob {\mob \nabla \uu } + \sin \uu = 0,\end {equation*}


$\Omega = [-64,64]$


$\mob = 1 + \frac {\alpha }{1+e^{-5\bfx }}$


$\alpha =0.3$


$\alpha {\,=\,}0.3$


$t = 25, 65$


$0.2$


$R_6 \approx $


$R_7 \approx $


$t \approx 80$


$N_x=768$


$\Dt =0.1$


$t \le 200$


$\FH _F(u,v)$


$t=140$


$t=140$


$R_3(\gamma ^*)$


$z = (u,v) \in V^2$


$z_t = f(z)$


$f(z) = (v, \Delta u - \sin u)$


\begin {equation}z^{n+1} = z^n + \Dt F(z^n, z^{n+1}), \label {SG-AVF}\end {equation}


\begin {align*}F(z^n, z^{n+1}) &= \int _0^1 f((1-\xi ) z^n + \xi z^{n+1} )\, d\xi \\ &= \left ( \frac {v^{n}+v^{n+1}}{2}, \Delta \frac {u^{n}+u^{n+1}}{2} + \frac {\Phi \rob {u^{n+1}}-\Phi \rob {u^n}}{u^{n+1}-u^n} \right ),\end {align*}


$w_1 = w_3 = \frac {1}{2-2^{1/3}}$


$w_2 = -\frac {2^{1/3}}{2-2^{1/3}}$


$z_0 = z^n$


$z_i$


$i = 1, 2, 3$


\begin {equation}z_i = z_{i-1} + w_i \Delta t F(z_{i-1}, z_i), \label {eq:AVF-Yoshida}\end {equation}


$z^{n+1} = z_3$


$R_3(\gamma ^*)$


\begin {equation*}z^{n+1} = z^n + F(z^n, z^{n+1}) - \frac {1}{12} \Dt ^2 \left [ J(\hat {z}^{n}) \right ]^2 F(z^n, z^{n+1}),\end {equation*}


$J$


$f$


$\hat {z}^{n} = (z^n + z^{n+1})/2$


$(F_1, F_2) = F(z^n, z^{n+1})$


\begin {equation*}\left [ J(\hat {z}^{n}) \right ]^2 F(z^n, z^{n+1}) = \left (\Delta F_1 - F_1 \cos (\hat {u}^{n}),\ \Delta F_2 - F_2 \cos (\hat {u}^{n})\right ).\end {equation*}


$H(u^n, v^n)$


$0 \le t \le 64$


$t=48$


$H(u^n , v^n)$


$\Dt = T_f/2^{11}$


$T_f{=}64$


$t {=} 48$


$\Dt = T_f/2^{11}, \cdots , T_f/2^6$


$3.30$


$R_3(\gamma ^*)$


$t=48$


$R_3(\gamma ^*)$


$\Delta t = T_f/2^6$


$3.30$


$R_3(\gamma ^*)$
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approach [15,16] reformulates nonlinear energies into quadratic forms enabling linear energy-stable schemes and locally conserva-
tive schemes [17,18] maintain local conservation laws at the discrete level. Within this broad class of structure-preserving techniques,
those most closely aligned with the present work can be summarized as follows. The average vector field methods [19-22] preserve
energy by integrating the vector field along straight-line segments. Discrete gradient methods [23] construct modified gradients
that guarantee exact discrete energy conservation. Discrete variational derivative methods [24,25] retain dissipation or conservation
structures by employing discrete analogs of variational derivatives.
We consider wave equations in the domain Q c R (d = 1,2,3) which can be represented as
2
% = —grady Eu) = -Gy, 58&(4"), 1)
where £(u) is an energy functional defined on a specific inner product space V. Here, grad; £(u) is a gradient of € and G, is a symmetric
positive definite linear operator associated with V,

(5= (o)
0=0 su’ /12 Visu' Iy

We usually consider L?- and H~'-inner product spaces for the candidates of V, then G,» = I and G,-1 = —A since (v|,v,);2 =
(=Avy,vy) g-1. The system is completed with initial and boundary conditions, and for simplicity, we adopt periodic or zero-Neumann
boundary conditions in this study.

The Hamiltonian functional H corresponding to (1) is defined as
2

(grady Ew),v),, = ;—08(14 +6v)

1|l ou
Hw==|2 £ 2
() 2o, +EW) (2)
and the solution satisfies the energy conservation property,
dH %u du 8E ou 0%u 8E ou
it _ [ou du oL U\ _ (U g 08 N _y, 3
dt <6t2 6t>V+<5u at>Lz <az2+gV5u az>V 3

For example, with a given positive definite symmetric matrix M(x),

2
u +/<%(\/M(x)w‘2+c1>(u)>dx
Q

or || 2

is a Hamiltonian functional for a nonlinear wave equation in an inhomogeneous medium, u,, — V - (M(x)Vu) + ®'(u) = 0. A special
case is the sine-Gordon equation with M(x) = I and ®(u) = 1 — cosu. The Boussinesq equation u;, — G- (Au - (u)) =0 is another
example, acting as the gradient flow under the H~'-inner product space corresponding to the following Hamiltonian functional

ou? Lo n
a2 vu+ @ )d,
ot || -1 /Q<2| ul” + @) Jdx

where ®(u) = %Lﬂ — u3. These examples illustrate the variety of nonlinear wave equations and their corresponding Hamiltonian func-
tionals, demonstrating the relevance and applicability of energy-conserving methods in modeling such systems.

Our proposed method builds on the second-order secant-difference method, aiming to achieve high-order accuracy through a
successive procedure while maintaining energy conservation properties. The successive multistage (SMS) method, as proposed by the
authors in [26], employs a strategy similar to the Crank—Nicolson method for the linear wave equation. The linear term’s additivity
allows the SMS method to be expressed as a classical Runge-Kutta (RK) method, which simplifies its accuracy analysis. However, it
is important to note that the SMS method for semi-linear wave equations does not guarantee energy conservation [27, Section 5]. In
contrast, the secant-difference method does not permit such an additive separation. Although the successive secant-difference (SSD)
method does not conform to a standard RK method, the application of Taylor’s theorem in multi-stage methods is similar, allowing
us to determine the order conditions necessary for achieving high-order accuracy with the SSD methods.

It is worth to note that the classical composition method [28] provides a strategy for achieving high-order accuracy by recur-
sively applying the symmetric second-order method. However, this approach demands a rapidly increasing number of stages and is
inherently restricted to even-order methods. While the fourth-order method derived in this paper coincides with that obtained via
the classical composition method [29,30], our approach extends beyond this. We systematically construct the algebraic structure
of Taylor expansions to derive the full set of order conditions up to sixth order. This enables us to propose integration schemes of
both even and odd orders. In particular, certain structural aspects of our order conditions closely resemble results presented in [31].
Interestingly, the fifth- and sixth-order coefficient tables we propose are adapted from symplectic RK methods [11,32]. Unlike our
approach, however, these methods do not inherently conserve energy. As a result, our method allows for energy-preserving schemes
with fewer stages compared to classical composition approaches.

In Section 2, we introduce the secant-difference method, which inherently conserves energy unconditionally. To attain higher-order
temporal accuracy, we employ a successive strategy, resulting in what we term the successive secant-difference (SSD) method. The
structural characteristics of the secant-difference approach simplify the proof of energy conservation. Section 3 details the derivation
of the order conditions for the proposed methods, leveraging the midpoint properties of the secant-difference method. In Section 4,
we present numerical examples to demonstrate the convergence order and energy conservation of the SSD method. In Section 5, we
examine the complete set of order conditions up to sixth-order and identify minimal independent constraints based on their linear
dependencies. Section 6 presents numerical comparisons with fourth-order averaged vector field methods applied to the sine-Gordon
equation, clarifying the relationship between the SSD and AVF methods at higher orders. Finally, Section 7 concludes with a brief
discussion.

1
Hse(w) = 3

1
Hpsw) =3
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2. Successive secant-difference methods

By defining an auxiliary variable v = u,, we can represent the wave Eq. (1) in a canonical form:

o,
o
ov &)
9 __ , 4
=79 o )
where the corresponding Hamiltonian functional can be represented as
1
Hw,0) = S |lolly, + E@. (5)

To express the problem in a canonical first-order system form suitable for applying one-step numerical methods such as the Runge—
Kutta scheme, we introduce the auxiliary variable v = u,. For example, v corresponds to the velocity when « denotes the displacement.
With the auxiliary variable v, the energy conservation is inherited as

(90 ) (3 oy
dt ot’ v ou’ ot /12
ov Jdu 6E Ou dv 6E ou
=(>=) +{Gy—.=) =(+G—.—) =0
<ar 6t>V <g" Su 01>V <az S at>v
After discretization, we require the conservation of the discrete energy to be consistent with the physical energy.
We denote the approximation of (u,v) to (1", v") at time " = nAt. Here, the vector (u,v) € V2 is expressed in a row-wise notation.

Moreover, in the semi-discretized setting, («", v") is understood as an element of V2. We develop a time marching scheme for (4) to
compute (u"+!, v"*1) using (u", v"). A secant-difference method is given as follows:

un+l —u" _ Un+l + "

At 2
Uﬂ+1 n wtl
=—VV€(u N ), (6)

— U
At

where Vi, £(u"!,u") is an approximation of grad, £(u) using " and u"*!. We would like to define a secant-difference operator
Vy €(u"t1,u") properly, so that the method preserves the discrete energy

HG ") = S0, + £,
while the time accuracy is at least second order. The following theorem provides a criterion to obtain the energy conserving property.
Theorem 1. Suppose that a secant-difference operator Vy, £ (uy,u;) for u;,u, in the solution space of (4) satisfies the following equality,
<VV€(u2,ul),u2—u1>V=€(u2)—€(u1). @
Then, the secant-difference method (6) is unconditionally energy conserving, meaning that, for any time step size At,
H(u"“, U"H) =Hu", o").
Proof. We first consider the difference of energy functionals:

H(un+1 , Un+|) _ H(M", Un) — % Un+| ”2

1
y ~ I+ E () — £, (8)

Starting from the first two terms in (8), we can rearrange as follows:

% Un+1 Hi _ % %(U’H'l _ vn, Un+1 4 U")V
— <_VV £(Mn+l’un)’un+l _ un)y — g(un) _ 8(u"+1)

2
I"lly =

and then we obviously have H (u"*!,v"*!) — H(u",v") = 0. Therefore, we can conclude that the energy remains a physical constant
H(@),

H(") := HW",v") = H (%, %) = H(1°),
for any time step Ar. O
We remark that the condition (7) resembles the discrete gradient condition
(VH»2.y1).y, = y1) = H(yp) — H(y)),

where H(y) denotes a Hamiltonian defined on the underlying phase space. This condition is known to guarantee exact energy con-
servation in discrete gradient methods [23,29]. For Hamiltonians of the form (5), it corresponds to a time-marching scheme of the

type
2=y +hIVH(,,y)),
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where J is the canonical symplectic matrix. In particular, if one defines

- v, + v
VH(y2,y1)=( 22 I,va(ubul)),

where y; = (u;, v;), then (7) is equivalent to the discrete gradient formulation. Consequently, the proposed secant-difference formula-
tion can be interpreted as a particular case within the class of discrete gradient methods, differing in the definition of the operator
Vi E(uy, uy).

We now define a secant-difference operator Vi, £(u,,u, ). For simplicity of description, we start with the energy functional in the
form of

1
ew= | (Lucu+ow)ax 9
W) /ﬂ(zu "yt (u)) X 9

where £ is a symmetric positive definite operator. And then the gradient under the L2-inner product space is
grad; > Eu) = Lu + D' (u).
Let us define the secant-difference for (9) under the L2-inner product space as follows:

wtu @) - ()
+ s
2 Uy — Uy

Vi E(upu) =L (10

. @ -
where the pointwise value of i C1C) i CIC)))
up (x)—uy (x)

D) =®w) g closely related to the discrete variational derivative approach [24,25,30], where such approxi-

is replaced by @' (u;(x)) or @' (uy(x)) when u;(x) = uy(x). We note that the use of the
secant-difference term

271
mations play a fundamental role in achieving unconditional energy conservation. Then it can be shown that the secant-difference
defined in (10) satisfies the desired criterion (7) from the simple algebraic manipulation as follows:

E(wy) —E(wy) = /Q (%uz[iuz - %ulﬁul +@(uy) —CD(ul)) dx
=/Q (%(uz —uy) L (uy +uy) + (up — ul)—q}(%) - (D(ul)>

U — U
= £u2+u1 +(D(u2)_(b(ul),u2—u1 .
2 Uy — Uy 2

Since the gradient of (9) can be written as

grad, Ew) = Gy (Lu + D' (w)),

we define the secant-difference for the V-inner product space as

O] -0
vvg(uz,ul):gv<£uz-2ku1+ (uy) (ul))_

(11
U — iy

It is easy to show that the secant-differences (11) also satisfies the desired criterion (7). To define a secant-difference V, £(u2,u])
using the gradient operator % for an arbitrary energy functional £(u), roughly speaking, we first take the average of two functions
for the linear parts of the gradient operator and the pointwise secant-difference for the nonlinear parts, then apply the linear operator
Gy to the computed secant-difference under the L? space. We do not explicitly write down form of the secant-difference operator for
more complex cases, but the procedure above provides a basic idea for a recipe.

We extend the secant-difference method into a high-order, energy-conserving numerical scheme, termed the successive secant-
difference (SSD) method. This approach shares similarities with the successive multistage (SMS) method [22], though the latter can
apply only to the linear wave equation. Moreover, deriving the order conditions for this method proves more intricate than in the
classical Runge—Kutta (RK) methods, as detailed in Section 3.

Algorithm (SSD). For a given coefficient vector
R, = [rl,rz,...,rs],

the SSD(R,) method computes (u"*!, v"+1) at /! = " + Ar. Starting with
ug=u", vy="0"

for the initial stage, we evaluate (u;,v;) for i = 1,2, -, s by solving

Ui —Uio _ Ui+l
riAt 2

Ui — Ui

L = =V, E(u,u_y). 12
I‘,-At |4 (ul u; l) ( )

Then, the next time step approximations are given by

n+1 n+1
u =Ug U = U,.
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Theorem 2. The discrete energy between adjacent stages of the SSD method (12) satisfying the gradient condition (7) is conserved for any
time step r;At,

H(u,-, U,-) = H(u[_l,v[_l).
Finally, the proposed method (12) is unconditionally energy conserving, meaning that H (u"*!, v"+!) = H(u", v") for any time step At.
Proof. Similar to the proof of Theorem 1, we initially arrange the difference of adjacent discrete energy functionals.

1 2 1 2

H (g, 0) = H(uimgs0m1) = S loilly = S loiilly + &) = € i)
and then expand the first two terms as

1 2 1 2 _ 1

5””1‘”1/ - 5””:’—1”‘/ = 5(”1‘ — Ui Ui+ Uiy

= <—VV 8(u,-,u,-_l),ul- —u;_ )V = 8(14,-_1) — €(u,-).

Now, we have H (u;.v;) = H(u;_y,v;_,) for any r;At, i = 1,2, -, s. Therefore, by mathematical induction,

H (™ o™ = M (ug, vg) = H(ug, v9) = HW", 0™,

527

which proves the conservation of the discrete energy functional H (", v"). O
3. Order conditions for the SSD method up to fourth order

The SSD method (12) with the secant-difference (11) is motivated by the proof structure in Theorem 2 focused on energy conser-
vation. To derive the order conditions for SSD methods, we need to reformulate them as expansions at the midpoints and follow the
sequential Taylor expansions.

Lemma 3. Let us define w; = (u;,v;) and w; = (u;,0;) = %(Wi + W;_;). Then the SSD method (12) for the energy functional (11) can be
written in the following form:
W, —W;

ﬁ =F,(W,), fori=1,2,,s. (13)

i

Moreover, F;(w;) can be explicitly computed as follows:

F (W) = £o(W) + Y ri? AP £, (W), a4
p=1
where fo(W,) = (B, =Gy (Lit; + @' @), £5,(W) = (0, 75,0, @D (@,), for p > 1.

Proof. The SSD method (12) can be written as

W; — W,_ _ _
R = (B =Gy (474 DO (1)),
where the secant-difference term is defined as
®(u,) — ®(u,_
D (u;, ;) = (ML)T(IMH)
1 1—

Consider the two Taylor series for ®(u;) and ®(u,_,) expanded at u;,

(1) = O(T,) +5u® (7,) + 2,500" (7) + 500" (7) + -,
1

_ - 1 —
d)(ui_l) = db(u,») - 6u,-(l)'(u,-) + 55‘4,-2‘1)”(”1‘) T

53" (7) + -

where Su; = %(u,- —u;_,). Computing the difference, we have

®(u;) — D(u,_
Dq)(ui’uFl) = w — @’(Ei) + %514’_2(1)///(51_) + .
1 .
5P
— o (7 i QoD g
=o' (1) +pz=‘T T D)),

Since éu; = %r[AtE,-, we can modify the secant-difference as

2P A )
DO(u,u;_) = (5) + Y ————72 0@+ D ()
(141 (@) ;22”(2p+1)! i ’

and it means that D®(u;,u;_, ) depends on w; = (;, 7;). Thus, we can rewrite it in the forms of (13) and (14). O
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Summing (13) up to the i-th stage, the difference between i-th stage and initial-stage approximations can be written as a linear
combination of the previous stages:
i
W, =Wy =4t ) rF;W)), (15)
j=1

and the approximation at midpoints w; can be written as follows,
— _ _ r _
W; = Wy + r | AtF (W) + rp AtFy (W) + -+ + EIAIFI'(W,')- (16)

We wrrite this procedure (16) in a matrix-wise form

W) %, 9 0 [F &)
_ n 0 _

2= 1wy + ar o5 0 Fz(.wz) , a7
Wf r r %S FS‘(WY)

where 1 is the s-by-1 constant vector having 1 and the matrix multiplication applies to each of components in the (u, v)-space. Since
w'tl = w_and w" = w,, (15) implies that

s
W =W A Y F (W) (18)
j=1
For notational convenience, we collect the stage vectors into a block vector in (V2)* and define as

W =[w;|._, and FOV) = [F;W))]_,.

Then, (17) and (18) can be conveniently summarized by the following tableau:

a2 0 0 - 0
T : : : : - ’:; >
G | o3 >
‘ r rp 13 Ts
where A e R%, b e R%, and c = Al with 1 = (1, 1,..., )T e RS. We compute the intermediate stage approximations
W = 1w" + AIAF (W), (20)

and evaluate the next time approximation w"t! = w” + Arb” F(W). We interpret matrix-vector operations between real matrices and
block vectors in the natural blockwise manner: (AZ); = 25:1 a;Z;, for A = (a;;) € RSXS and Z = [Zj]jﬁ=1 € (V2)*. The tableau in (19)
has the same structure as the classical Butcher tableau for RK methods. However, the present SSD scheme is not an RK method since
the function F; differs across the j-stages.

To develop order conditions of R, = [r|,r,, -, r,| for a SSD method up to fourth order, we write F;(w;) of (14) in the vector form
FOW) = £5(W) + A°Pb*E,(W) + A DH, W) + -+, (21)

where vectors listed together denotes component-wise multiplication in the Hadamard product sense: (bZ); = b; Z;, forb = (b,-)f= L ERS
and Z = [Z;]}_, € (V?)".

To establish the order conditions for SSD methods, we compare the Taylor expansion of the exact solution with the Taylor
expansion of the approximation after one step. This procedure is quite similar to derivation of the order conditions for a classical
RK method although extra terms such as f,(W), f,(W) make the computation far more complex. Instead of detailing the derivation
process for each order of accuracy, which can be tedious and cumbersome, we will summarize only the final derivation process for
the fourth-order accuracy for simplicity.

Since the system can be represented as d,w = fy(w) = (v, =Gy, (Lu + @' (u))) for w = (u, v), the Taylor expansion of the exact solution
is

wl = w4 AL, w(") + %Atzafw(z”) + %At-’dfw(z") + 21—4At4aj‘w(t”) +0(48%), (22)
where

ow(t™) = fo, OFw(t") = fof), 0 w(t") = fofofy + fof ;.

otw(e"y = ffofof) + 3o (Eofy )y + fo (Fofy E] + Eof £187 .

Here, the prime denotes the derivative with respect to w and we use the abbreviation, f, = f,(w"), f(; = f(’)(w"), f(;’ = f(;’ (w"), and

f/// — f///(wn)

0 0 c’ . . . .
We continue to use the row-wise notation, and interpret the product of two vectors as the Hadamard product. All operations

involving the vector field f, and its derivatives are evaluated in a right-associative manner, where f; is a second-order tensor and
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Table 1
Order conditions of SSD methods up to the fourth-order accuracy.
order 1 2 3 4
b'1=1 bTe=1 b’ =1 b’ = L
2 3 1
RK-like bTAc= ¢ b7 (cAc) =
conditions b"Ac? = é
TA2, — 1
b"A’c = o
Null b'b% =0 b"Ab% =0
conditions b” (b%c) =0

higher-order derivatives produce tensors of increasing order. For completeness, we specify a consistent contraction rule for tensors
of successive orders: the last index of the left tensor and the first index of the right tensor are summed over. For examples,

(a)bij) = <Z ai”ijk)s (a)(byjrp) = <Z aibijk1>’ (a;)bj) = (Z aijbjk)'

i

i

J

This rule extends the conventional vector-matrix multiplication to higher-order tensors. The resulting tensor retains all non-contracted
indices of the operands, providing a natural hierarchical generalization of the matrix product to higher-order tensors while preserving
linearity and dimensional consistency.

Assume that the coefficients satisfy the condition ¢ = A1. And we start considering the Taylor expansion of F(W) at w"” up to
fourth order. Introducing a new variable, g := ﬁ(w —1w") = AF(W) from (20), W can be written as W = 1w" + Atg. Substituting
this relation into (21) and applying the Taylor expansion to each term yields

%Atzggfé’ + éAt3gggf6" + 47D, + APbgf) + O(4rh),

F(W) = 1fy + Argf, +
where we use the additional abbreviations f, = f,(w") and f; = fz’ (w"). As previously mentioned, when vectors are written in sequence,
it implies component-wise multiplication. By recursively applying 7(W) up to the fourth order, until only the term involving w"
remains, we obtain

FOW) = Uy + dictyf) + A7 (Acfof(’)fé + %czfofofé’) + AP,

1

1
+ 48 (Achof’f’f’ + EAcsz(fOfé’)f() + cAcky(fofE + <

HRH Chofofofy”)

+ 48 (ADEf] + bPcfof) ) + O(4r*).
In expressions involving real-valued coefficient matrices and vectors, matrix multiplication is evaluated prior to vector-level products,
in order to avoid ambiguity in expressions such as cAc. By evaluating w"*! = w" + Atb” F(W) and comparing into (22), we can derive
the fourth-order conditions as

1 1 1
p’1=1, ple= -, p"Ac==,b"c? ==, b2 =0,
€=32 =73
T A2 1 TaA.2 1 T 1 T 3 1 T 2 T (2
A’c=—, b'Ac’ = =, b (cAc) = _, =7, b Ab" =0, =0
b c24bc 12b(cc)gbc 4bb b’ (b“c) =0

Table 1 systematically organizes the conditions for the SSD method up to fourth-order accuracy. Except for the condition where
the value is zero, all other conditions are the same as the accuracy conditions of the RK method. Thus, the categories are labeled as
RK-like and null conditions. For comparison, please refer to [33,34].

There are total 11 (8 RK-like and 3 Null) conditions for the SSD methods up to fourth order, however, the following Lemmas can
be used to reduce the number of the order conditions significantly.

Lemma 4. The tables A, b, and c in (19) satisfy the following identity,
bTA = " 1)bT — (be)T.
Therefore, the consistency condition b" 1 = 1 implies b A = b — (bc)”.

Proof. Defining /;; = 1 fori > j, §;; = | for i = j, and O otherwise, we can represent as A = [q;;] where a;; = [;;r; + %5,-111.. Then we
get the following,
s

1
VRS WAUEE LN
i=1
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Corollary 5. The following equations hold for the tables A,b, and c in (19) satisfying the lower-order conditions. So we can eliminate 4
RK-like and 1 null conditions out of 11 fourth-order SSD conditions.

b’c =bTAl1 = bT1)? - (be)T1 2bT1=21 & ble=1/2
b"Ac=1/2 - (be) e S bTAc=1/6 & bl =1/3
b"Ac? =1/3 - (be)T 2 SbTAC =1/12 & b'd=1/4
bTA%c =1/6 — (be)" Ac S bTA2c=1/24 & bT(cAc)=1/8
b” Ab% = b"b? — (be)"b? ~bTAb? =0 < b'(b%)=0 if b'B?=0

Lemma 6. The tables A,b, and c in (19) satisfy the following equality,
1
2Ac = + b
c=c"+ 4b

Proof. The i-th components of b, ¢, and Ac can be expressed as follows:
i—1 1 i-1 1
by=r, ¢= er + Er[, (Ac), = ercj + Er[c,».
j=1 Jj=1

Clearly, 2(Ac); =ri¢| = cl2 + ir%. Let us use a mathematical induction starting with
i-1 ’
2(Ac); =2 ercj +ric; = cl.2 + -7

.
j=1 4

Because c; + %r,- =Cip — %’m’ we have

i
2(Ac)jy =2 2 rici+ iy = 2(Ac); +ric; +ri1Ciqy
Jj=1
1 \2
= (Ci+ 5"i> +rigiCiv

_ 1 : _ 2 Lo
=\CGi+1 — Eri+1 +riCip = ¢t Z"H.]'

|

Corollary 7. For the tables A,b, and c in (19), the third- and fourth-order RK-like conditions imply the third- and fourth-order null
conditions, respectively.

b"Ac=1/6, "¢ =1/3 - b'b*>=8b"Ac—4b"? =0

bTA%c=1/24, bTAC? =1/12 - bTAb? =8b"A%c—4b"Ac’ =0
Lemma 8. The tables A, b, and c in (19) satisfy the following equality,

b’ (xAy) + b7 (yAx) = (b"x)(b" y),
for any column vector x and y.
Proof. Using M;; =1+ %6,-/- defined 1 for i > j, 1/2 for i = j, and O for i < j, Ax can be written as M(bx). Then for any vector x and
Y,

b” (xAy) + b” (yAx) = (bx)" M(by) + (by)" M(bx)

= (bx)" M +M)(by) = B x)b"y),

where M+ M” =117. O
Lemma 9. A note worthy special case of Lemma 8 is 2b” (xAx) = (b x)2.

It is also possible to derive the lemma independently using

2b” (xAx) - (b"x)? = ) b,-x,-<2 2a;x; — bjx,> =2y b,-x,-<2 k,.jbjxj> =0,
i J i J

where k;; = 1/2 for i > j, —1/2 for i < j, and 0 for i = j. As a result, we have b’ (cAc) = %(ch)z.

With the aid of Lemma 4 to Lemma 9, Table 1 can be significantly simplified to Table 2. We only need three order conditions for
the fourth order of accuracy.

The specific coefficient tables are discribed as follows. The one stage second-order SSD method can be given with R, = [1]. There
is no two stage third-order method but any three stage SSD method with R;(y) = [y;, v, 73] satisfying

1 -3y + 3y?

ntrn=l-vr. nr= -7
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Table 2
Reduced order conditions of SSD methods up
to the fourth-order accuracy.

order 1/2 3 4

RK-like b'1=1 b'=1 b= §

becomes third order when y < y* := —2(\3/5+ 1 /\3/5+ 1/2)/3 or y > 1. The three stage SSD method with R;(y*) satisfies all of
the order conditions up to fourth order. For the numerical simulations in the following section, we use R, =[1], R3(8/5) ~
[1.1985,1.6000, —1.7985], and R;3(y*) =~ [1.3512,—1.7024, 1.3512] for the second, the third, and the fourth-order SSD methods, respec-
tively.

4. Numerical results up to fourth-order accuracy

For the numerical test, we consider semi-linear wave equations in the form of
u; + Gy (Lu+ @' () =0, (23)

corresponding to the following Hamiltonian functional
H(u,v) = %llu”%, + / (%uﬁu + CI)(u))dX.
Q
The first example is the sine-Gordon equation in inhomogeneous medium,
u, — V- MX)Vu) +sinu =0

with G, = I, Lu = -V - (M(x)Vu) for a given positive definite matrix M(x), and ®(u) = 1 — cosu. The second example is the Boussinesq
equation,

u,,+A(Au—u+3u2) =0 (24)

with G, = —A, Lu = —Au, and O(u) = %uz -,

The proposed SSD method can be coupled with any type of space discretization methods. The spatial discretization of initial-
boundary differential equations presents various challenges, whether using finite difference, finite element, or finite volume methods.
These challenges include considerations for high-order spatial accuracy, staggered grids, local discontinuities, and more. To focus
only on the temporal order of convergence and energy conservation, we use the Fourier (including Fourier-cosine or Fourier-sine)
spectral method for spatial discretization in this paper, which provides fully resolved spatial accuracy for the problems with periodic,
zero Neumann, or zero Dirichlet boundary conditions.

We first represent the scheme (12) as follows:

Ui —Uioy _ Vit Ui
r; At 2
Uy —U;_ u; +u;_
'ri_m'l =G, (cT‘ + ‘I‘(ui,ul-_l)>, (25)
where
D(u;) — D(u;_
1 11—

Now, we rearrange (25) as

12,2
u; + i APGy (Lu; + 2% (u,u;_y)) = o), (26)
where @; = u;_; + r;Atv;_; — 3—‘r[.24\t261,£u‘-_1 . Employing a Newton-type iteration method [26,27], we have a nonlinear iterative solver
for each i-th stage starting with the previous solution ul(_()) =u;_,

i) 1o 00 +1) (m) (m+1)
uim + Vil Ar°Gy (ﬁu?m + 2‘I"<uim Sy )uim )
=@ - %rfAzng (‘F(ul(.m),u,-_l) - u,(.m)‘P'<uEm),u,-_| ))

where W (u,u;_,) is a derivative with respect to u while keeping u;_, fixed.
It is worth to note that the solvability of the system depends on the invertability of the operator I + irizAtng(t +2@"") since

p (u?'"), u;_ ) approaches to @ (u;). Therefore, we can say that the Newton-type system can be inverted if a CFL-like condition holds.
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Fig. 1. Evolution of the solution before the collision of two wave forms at r = 0, 8, 16,24, 32 and computational errors of H(u, v) for r < 64.
We use a bi-conjugate gradient (BICG) method to solve the system and we employ the following pre-conditioner P to accelerate the
convergence speed of the BICG iteration:

1
P=I+ erng[,ﬁ.

We terminate the m-iteration when the relative consecutive error of uEm“) is less than tol = 10~'0 and then define u; = ul(."’H). Finally,
we have
up — u;_
-2 i i —v._
! r; At -1

After recursively obtaining all intermediates u; and v; fori = 1,2, ---, s, we can determine the next time step approximations as urtl = ug
and 0" = v,.

4.1. Sine-Gordon equation in 1D homogeneous medium

We consider the sine-Gordon equation u,, = Au — sinu in the homogenous medium M(x) = I, for the corresponding energy £(u) =
fQ (% |Vu)? + <I>(u))dx with ®(u) = 1 — cos u. For the numerical test, we consider a superposition of two soliton-like traveling solutions:

one rising and the other falling, which initially travel to the same direction but with different speeds,
u(x,1) = 4tan™! <e(x_x‘_v‘t)/V 1ﬂﬁ) —4tan™! (e(X_XZ_UZI)/ v I_L%),

where (x,v;) = (=10,0.5) and (x5, v,) = (10,0.25). We set a computational domain Q = [-64, 64] with zero Neumann boundary con-
dition.

Fig. 1 shows the time evolution of the solution by the fourth-order method SSD(R;(y*)) and difference of the Hamiltonian functional
from the initial value up to T, = 64. We choose the number of spatial discretization N, =512 and the relatively small time step
=T,/ 212 to provide about 7 digits of spatial and temporal accuracy for the reference solution shown in the figure. The method,
even for relatively large time steps 4r =T, /27, - vy /2°, preserves the energy close to the machine precision, which is independent
to the solution accuracy.

Fig. 2 shows that all SSD methods with 4t = T, /21, .. vy /2 provide the desired temporal order of accuracy for the computed
solution at = 16 and 7 = 48. We remark that the third-order SMS(R5(8/5)) method shows super-convergence as two wave fronts
emerge, which is a common phenomenon for a third-order numerical method to achieve slightly better order of accuracy for a
solution with even symmetry.

We continue to evolve the system up to 7, = 256 to observe the waveform interactions with the other waveform and the Neumann
boundary at x = 64. Fig. 3 shows some of snapshots of the solution at t = 32,64, ---, 256. The raising soliton of velocity v, = 0.5 follows
the falling soliton of velocity v, = 0.25 when ¢ < 64 and the raising soliton starts to lead the falling when 7 > 64. The raising and the
falling solitons reach the Neumann wall and move to the left after reflections during 128 < r < 224.

Fig. 4 illustrates the time evolution shown in Fig. 3 represented on the x — ¢ plane, where the moving velocities can be easily
visualized. The left side displays the 3D perspective of the solution evolution over time, while the right side provides a 2D heat
map highlighting the speed variation of the waves. We recognize the speed of the raising and the falling solitons are about constant
v; = 0.5, vy = 0.25 and reflected by the Neumann wall at r ~ 137, ¢ ~ 215, respectively. It is worth to note that the raising soliton gains
the speed and the falling solition loose the speed during the collision period around ¢ ~ 64, while the speeds are restored back to the
original values after the interaction.
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Fig. 3. Interaction of two wave fronts (32 < r < 128) and reflection at the Neumann boundary (128 < < 256).

4.2. Sine-Gordon equation in 1D heterogeneous medium

a

We now consider a sine-Gordon equation with M(x) = 1 + T

u,; — V- MX)Vu) + sinu =0,

for which the corresponding energy functional &£(u) = /Q (% IM(x)Vu|? + <D(u)>dx with ®(u) = 1 — cosu. For the numerical test, we
consider a superposition of two soliton-like traveling solutions initially moving in the same velocity,

RPN )
u(x,t) = 4tan™! <e(X_X'_L't)/ 1_L1> —4tan”! (e(X_XZ_UZI)/ I_U2>,

where (x;, v;) = (-30,0.5) and (x,, v,) = (=10, 0.5). We set a computational domain Q = [-64, 64] with the periodic boundary condition.

Fig. 5 shows the evolution of the solution for « = 0.2 (or M(64) ~ 1.2) computed by the fourth-order method with N, = 768, 4r = 0.1
up to ¢ < 100. We can easily observe how the velocities of the two soliton-like waves change as they pass the interface x ~ 0. It is worth
to note that travelling velocities of two wave fronts after passing the green line become about 0.33 for t > 25 and ¢ > 65, respectively.

Fig. 6 demonstrates the spatial and temporal accuracy with relative /,-error. The left plot shows the high spectral accuracy of the
fourth-order SSD(R;(y*)) plotted against the number of spatial points N,. The right plot illustrates the temporal order of accuracy
plotted against the time step size At. This figure clearly shows that the SSD methods achieve the expected order of time convergence,
or even slightly better for third-order SSD(R;(8/5)).

Fig. 6 demonstrates the spatial and temporal accuracy with relative /,-error. The left plot shows the high spatial accuracy of the
fourth-order SSD(R;(y*)) plotted against the number of spatial points N,. The right plot illustrates the temporal order of accuracy
plotted against the time step size Ar. This figure clearly shows that the SSD methods achieve the expected order of time convergence,
or even slightly better for third-order SSD(R;(8/5)).
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Fig. 6. Convergence of the solution at 7 = 100 in heterogeneous medium with a = 0.2.

As increasing the variation of the values of M(x), say a = 0.4, the falling and raising wave fronts are reflected near the interface at
t ~ 25 and t ~ 65, respectively. Fig. 7 clearly shows the reflected waveforms moving in the opposite direction with the same velocity.
This figure illustrates the reference solution obtained using the fourth-order method while keeping all other conditions the same with
Fig. 5.

4.3. A Boussinesq-Type equation in 1D

The Boussinesq-type equation in 1D, u;, + (u,, + 3u? — ”)xx = 0 is a spatially fourth-order partial differential equation [35] in the
form of (23), which corresponds to the Hamiltonian functional

Hps(u,0) = %uuuzﬁ_l +/Q(%||Vu||2+d>(u))dx 27)
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Fig. 8. Evolution of the solution and computational errors of H(u, v).

with ®(u) = %uz —u3. In this subsection, we consider two 1D solitary wave packets in the form of 2bi2 sech? (b;(x — x; — ¢;1)) moving

in opposite directions with slightly different speed, (b, x;) = (0.12, 128), (b,,x,) = (0.08,384), ¢; = (—1)"‘1\/1 - 41’1'2' A true analytic
solution is given [17] as follows,

2
u(x,1) = 24 log (1 + €MD 4 gD 4 gemxHtmxi)
dx?

(e1=¢p)* = 12(b) =y ?
(c1—€2)2—12(b1+by)?

For the numerical test, we set a computational domain Q = [0,512] with the periodic boundary condition and choose a number
of spatial discretization N, =512 or Ax = 1 that provides sufficient spatial accuracy. Fig. 8 shows the computational solution with
4t = 0.5 up to T, = 256 using the fourth-order SSD(R;(r*)) method with the initial conditions u® = u(-,0) and v° = u,(-,0). The SSD
method is an energy conserving method, thus energy difference is conserved independent to the solution accuracy and the difference
in the right plot is merely a result of accumulation of the round off errors.

Fig. 9 shows spatial and temporal discretization errors by the various methods compared with the analytic solution at r = 128
when two solitons collide. The left plot shows that the computational solution by the SSD(R;(y*)) provides more than single precision
spatial accuracy for N, > 256 and converges in the fourth order of temporal accuracy. The right plot shows that the SSD methods
provide the desired order of accuracy at + = 128 and we remark that the rate of the SSD(R;(8/5)) at ¢ = 256 is about 3.2 which is
slightly better than expected value due to the small leading order error coefficient after separation of the solitons.

where #5;(x,1) = 2b;(x — x; — ¢;t) and A =

4.4. A Boussinesq-Type equation in 2D
We consider the Boussinesq-type equation,
u, + A(Au+ 3u? - u)=0 (28)

in a square domain [—64, 64]°. Since there is no known closed form of soliton-like waveform in 2D, we choose a thin rod of length 2/,
at center (x,, y,) moving #-direction. Using rotated coordinate

x'| _[cosé  sin@][x—x,
Y| |-sing cosé|y—y,
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Fig. 9. Spatial and temporal error by the SSD(R;(y*)) and order of temporal convergence by the various SSD methods of the solution at t = 128.

t=0 t=4 t=10 t=16

of the pressure field.

t=4 t=8 t=12 t =16

20

-40 -40 -40 -40

-60 60 -60 60

Fig. 11. Contour lines for the difference between the pressure field u and ug;;, . Dotted line indicates the initial position and dashed line shows u,;, .

with (x, yy) = (=10, -5), 8 = z/6, we define a rod function with rounded tips as follows:

o y) = 2b%sech® (bx), |y'| <1y
o 207 sech® (br'),  1y/]> I

where /) =20, b=1/3, and ' = 1/(x")2 + (]y'| — y)? is distance from the tips of the rod. The time derivative of yy(x, y) can be com-
puted explicitly by moving u,(x, y) in #-direction with velocity ¢ = V/1 — 42, Since u(x, y) is only a C!-continuous function, we take
smothered initial conditions, u(x, y,#=0) and u,(x, y,=0) by convolving them with a Gaussian function of width 2.0. The numerical
convolution for the initial data has been taken by multiplying the corresponding Fourier coefficients of e~ OPH)/40 with Ax=A y=1/4.

Fig. 10 shows the evolution of the solution. At the early stage, the rod moves toward 6-direction as desired but soon the soliton
shape becomes broken from near the tips. Fig. 11 plots the difference between the computed solution and the shifted solution ug;,
(marked with dash lines) toward 6-direction of speed ¢ = \/g /3 which clearly shows the disturbance emerges from the tip moves in
all directions.

In order to see the disturbance effect clearly, we extend the rod length /, = 40, 80, 160 while keeping the thickness same as the case
for I, = 20. We set Ax = Ay = 1 to get single precision accuracy but make the computational domains larger, [-128, 12812, [-192, 192]?,

and [-256,256]%, respectively. Fig. 12 shows the difference between the computed and the shifted initial solutions near the lower right

| ltcomp—tshirt || 12(Q)

tips. The time evolution patterns of the differences look very similar and the relative differences are proportional to

ol 200
1/ \/E since the denominator is proportional to the stick length \/E.
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Fig. 12. Error at the lower right tip depending on length /, = 20, 40, 80, 160.

5. Higher-order SSD methods and numerical examples

In this section, we explore the construction and performance of higher-order energy-preserving methods based on the SSD frame-
work. We first present the complete set of order conditions up to sixth-order accuracy and analyze their linear dependencies to identify
the minimal number of independent constraints required at each order. Then, we demonstrate accuracy order of the resulting schemes
through numerical experiments on the sine-Gordon equation. These examples highlight the practical effectiveness of our approach in
preserving both qualitative and quantitative features of the solution over long simulation times.

5.1. Order conditions up to sixth-order accuracy

Table 3 summarizes all 37 RK conditions up to sixth-order SSD methods. These include 2, 2, 4, 9, and 20 conditions for second

through sixth-order accuracy, respectively and equivalent conditions are grouped together. Although the corollaries in Section 4 are
L4 L8 L9
not fully derived, the equivalences among conditions can be readily proven: =, =, and = indicate that each equality is provable with

following lemmas,

Lemmad4 : bTA =b" = (bo)T,

Lemma 8 : bT(xAy) + bT(yAx) = (bTx)(bTy),

Lemma9 : 2bT(xAx) = (b"x)%.

R
For the dependent conditions, Oy, denotes zero and < indicates that the equivalency can be established assuming p-th order RK
conditions. For an example,
L9
[bT(cAc) - %] = 0gy

can be shown using Lemma 9 when the second-order conditions hold. One bracket in each independent condition groups must vanish
and only three conditions are required to achieve fourth-order accuracy, as shown in Section 3. For fifth- and sixth-order methods,
five and seven conditions are required, respectively.

Table 4 summarizes all 25 Null conditions required for SSD methods up to sixth-order accuracy. As with the RK conditions,

L6
equivalent Null conditions are grouped together. The equivalency = can be proved by
Lemma 6 : 2Ac=c’+ ibz.

N
For the dependent conditions, 0, denotes zero and < means that the equivalency holds when p-th order Null conditions are satisfied.
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Rp  Equivalent Independent Order Conditions

Dependent RK Conditions

2 BT -1E2be- 1)

3 e - Z prAc- L)

T3 _ 1Y pTA - L
4 b7’ = 31=—[b"Ac” - 7]

. 14 . L9
(b A% — 1= (b7 (cAc) — 11 = 0py

~IbTAeAe) - FIE IV @A0 - &1

TAc — L1% _pTet — L
[bAc—ZO]— [b'¢ 5]

2 _bTeA) - L1E praze - L
5 E ] Z4bTA(cAO) — 11—V (A0 - L]
[b" (Ac? - 5]
= (b7 (eA2¢) — 12 (b7 A%~ L]
L | [bTA(cA?) — 112 b7 (@A) - 1120
—[bTA(Ac)? - 1= b7 (c(Ac)?) — 2 w0 18 R3
5 Y
2 (b (cA(AD) - %] B (A0Ae) — 31 = Ons .
2 b7 A%(cA0) - L] (b7 Ade — 12 b7 (eA%e) - 1= 0y
6

—[ng" A(cAZ) - 112 [V (2A%) - L]
= - (A0AS) - 5]

N o N R B o SO S I
= [b’ (cA*c?) 72]— [b'A°¢ 360]

Tacd _ L1 T 1
—[bAc—ﬁl—lbc 6]

Z OB ((A0?) - L1+ 207 (@A%) - L]
b7 A% - L Z (b7 (cAch) - 2]
2 b7 (3 A0) - ﬁ]{;1 —[bTACAO - 1)
® 3T (c(AcP) — i] + [bT (c2A%¢) — %]

Table 4
Null conditions up to sixth-order accuracy.

Np  Equivalent Independent Zero Terms

Dependent Null Conditions

L6
3 bTh? = 0,

4 —bTH0 S hTAR 2oy,
5 baw 2 b7 (AD)e) Z BT (A)) 2 0, 8b7 (Ac)b?) — 4b7 (h2c2)
L6 L6
=b"b* =0
BTAM) 2 —bT (02e2) = 0 85
TA3H2 2 T A212
27A%? = ~2b0) A% b (A 20,
= 2b" ((Ab?)Ac) = —2b" (A2¢)b?)
T A2H2 T 2
Lo BT (A)b?) L BT (AD)e?) 3&1;0) A’b +3L(Abc) A(b%c) y
6 Lé _bTA(cAb?) L:6 Ore = —bT(b%c®) = bTA(b?c?) = Oge
_bTAB?AC) Z (be)T (Ac)b?) 12(be)" A?b? + 4(be)T A(b2c)
N4 L4 L6
2 _boy" Ab?0) £ BT A (b20) = 0, = b7 (b*c) = -bTAb* = 0y
Table 5
Number of RK and Null conditions up to the sixth-order accuracy.
Approximation order, p 2 3 4 5 6
Number of RK conditions 2 2 4 9 20
Rank (# of dependent) of RK conditions 2 2 2(2) 4,3(2) 4,5(11)
Number of Null conditions - 1 2 6 16
Rank (# of dependent) of Null conditions - 1 2 3,2(1) 7,4 (5)

Table 5 lists the total number of RK and Null conditions. In the table, the term rank refers to the number of conditions grouped
together by equivalence. For example, the entry “4, 3 for 5th-order RK” indicates two independent groups of equivalent RK conditions,
one with four conditions and another with three. Values in parentheses denote the number of linearly dependent conditions. The sum
of all rank entries matches the total number of conditions shown in the row above.

We observe that the group numbers of independent RK conditions are 1, 1, 1, 2, 2 (or 1, 2, 3, 5, 7 in total) for p =2,3,4,5,6,
respectively. These values exactly match the number of groups of independent Null conditions with the second-order consistency
condition. This correspondence suggests a fundamental structural relationship between the RK and Null conditions. Specifically,
all Null conditions vanish when the corresponding RK conditions are satisfied, and conversely, the RK conditions hold when the
corresponding Null constraints with the consistency condition are met. Further insight into the derivation and reduction of such
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Fig. 14. Computational errors of H(u, v) and convergence of the solution at t = 140.

order conditions can be gained through the tree-theoretic framework described in [29]. In particular, the results in [31] closely
correspond to the concept of Null conditions introduced here.

5.2. Numerical convergence order and energy conservation
We revisit the sine-Gordon equation tested in Section 4.2,
u,; — V- MX)Vu) + sinu =0,

on Q = [—64, 64] with the periodic boundary conditions. An interesting case arises when we choose M(x) = 1 + l+e+5" with « = 0.3. The
leftmost plot in Fig. 13 shows the evolution of the solution where the wave fronts reach the interface around 7 = 25, 65 and that their
speed decreases to about 0.2 after passing the interface. We observe that the wave fronts alternate in their forward and backward
movement. While a detailed study of nonlinear wave interaction lies beyond the scope of this paper, our numerical methods are
well-suited for such investigations, especially when high accuracy is required for long time evolution.

To evaluate the performance of the fifth- and sixth-order schemes discussed in the previous subsection, we employ specific coef-
ficient vectors: Ry ~ [0.254002, 0.680054, 1.009647, 0.284283, -0.729926, -0.998060] and R, ~ [0.392257, 0.117787, -0.588840,
0.657593, -0.588840, 0.117787, 0.392257]. These vectors were originally introduced in [32] and further elaborated in Section V.3
of [29]. It is worth noting that, although these RK tables are derived to preserve symplecticity, they do not necessarily retain sym-
plecticity in our context. We adapt them here for constructing energy-preserving methods since they also satisfy the order conditions
listed in the previous subsection for our target accuracy.

We observe interesting wavefronts interactions after ¢ ~ 80 in Fig. 13 where the solution are computed by the sixth-order method
with N, =768, At = 0.1 up to ¢t < 200. The leftmost plot in Fig. 14 demonstrates that the methods are energy conserving and the
rightmost plot presents the corresponding convergence results at r = 140. Since achieving an error close to single precision is sufficient
for most practical purposes, we report only the time step sizes required to reach that threshold. The results clearly demonstrate a
consistent decrease in error with time step refinement, and notably, the observed third-order convergence exceeds the expected rate.
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6. Comparison with higher-order averaged vector field methods

The one-stage, second-order SSD method can be interpreted within the framework of discrete gradient (DG) methods. Conse-
quently, higher-order SSD schemes are naturally related to composition-based DG approaches. Another closely related class of nu-
merical methods is the averaged vector field (AVF) method [20], which can be extended to higher-order accuracy in two different
ways. The first approach applies a composition strategy [36] to the second-order AVF method; we refer to this as the AVF-Yoshida
method. The second approach, introduced in [20], employs B-series corrections to the second-order AVF method; we refer to this as
the AVF-correction method. In this section, we clarify the relationship between our SSD(R;(y*)) method and fourth-order AVF meth-
ods through direct numerical experiments with the same spatial discretization on the sine-Gordon equation, one of the few problems
for which the implementation details of higher-order AVF methods are well established.

Denoting z = (u, v) € V2, we can reformulate the sine-Gordon equation as z, = f(z), where f(z) = (v, Au — sinu). The second-order
AVF method applied to the sine-Gordon equation takes the form

2" = 2" MF(Z", 2, (29)

where

1
F(" ) = / P = O + e de
0

< (D(un+1) _q)(un)>
= + .
untl —yn

which coincides with the second-order SSD method (25). For higher-order extensions, the AVF-Yoshida method is constructed by

U"+U”+l Aun +un+1
2 ’ 2

applying the composition strategy [36] to the second-order AVF method (29) with the coefficients w, = w; = 2_211 7 and w, = — 2_212—/,3/3
Starting with z, = z", we evaluate z; for i = 1,2,3 by solving
z; = z;_1 + W;AtF(z;_y, z;), (30)

and set z"*! = z,. Note that these coefficients coincide with R;(y*) used in the fourth-order SSD method, and consequently the AVF-
Yoshida method is equivalent to the fourth-order SSD method for the sine-Gordon equation. The AVF method can be also generalized
using B-series corrections as proposed in [20]. The fourth-order AVF-Correction method is given by

Zrl+l =z"4 F(Z”, Zn+1) _ %Atl [J(f")]zF(Z", er—l)’
where J is a Jacobian of f and 2" = (z" + z"*!)/2. Here, for simplicity, we denote (F,, F,) = F(z", z"*!) and write

[JEM]PF(", 2*) = (AF, — F, cos(@), AF, — F; cos(@")).

The leftmost plot in Fig. 15 shows the discrete energy difference H (1", v") for the AVF-Yoshida and AVF-Correction methods with
=T,/ 2!1, applied to the sine-Gordon equation up to T,;=64 using the same initial state and parameters as in Fig. 1. The result
demonstrates that both methods preserve the discrete energy up to machine precision. The rightmost plot presents the convergence
result at r=48, confirming that both methods achieve fourth-order temporal accuracy with 4t = T,/ 21 ... T/ 26, The AVF-Correction
method yields a smaller error than the AVF-Yoshida method. At the largest time step, the ratio of the two errors is approximately
3.30, a point that will be revisited in the discussion of Fig. 16.

The leftmost plot in Fig. 16 shows the Fourier spectral differences of the AVF-Yoshida and the AVF-Correction solution at 7 =
48 compared to the SSD(R;(y*)) with the largest time step At = T, /2°. The difference (Yos-SSD) between the Yoshida and SSD
methods remains below prescribed single precision tolerance for the implicit non-linear Eq. (30), confirming that they are numerically
equivalent. In contrast, the difference between the correction and SSD methods (Cor - SSD) is significantly larger than (Yos-SSD),
indicating these methods produce distinct solutions. The rightmost plot shows the difference between each method and the reference
solution (Yos - Ref and Cor - Ref). The ratio of the peak values of Cor - Ref and SSD - Ref is approximately 3.30, which is consistent with
the error ratio observed in Fig. 15. This agreement further confirms that the two fourth-order methods produce distinct solutions
even for the sine-Gordon equation.
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Fig. 16. Fourier spectral difference of Yoshida and correction solution compared to the SSD(R;(y*)) (leftmost plot) and the reference solution
(rightmost plot).

7. Conclusions

We have introduced a high-order time-discretization method that conserves energy for nonlinear wave equations. Beginning with
the energy-conserving secant-difference method, we developed the successive secant-difference (SSD) method to achieve higher tem-
poral accuracy. The nonlinearity of the equations prevents the secant-difference method from being simplified into an additive scheme,
and the successive strategy does not produce a Runge-Kutta method. However, by employing Taylor’s theorem at the midpoints, our
approach achieves high-order accuracy. This method shares similarities with the order conditions of Runge-Kutta methods, albeit
with additional null conditions. Numerical examples, including the sine-Gordon and Boussinesq equations, demonstrate the accu-
racy and stability of the proposed methods. We established the full set of order conditions up to sixth order, identified their linear
dependencies to determine the minimal independent constraints, and demonstrated that the resulting SSD-based methods achieve
high-order accuracy while preserving energy effectively over long simulation times. We have also compared the proposed SSD meth-
ods with higher-order averaged vector field methods for the sine-Gordon equation, showing that the composition-based extension is
numerically equivalent to the fourth-order SSD(R;(y*)) method, whereas the B-series correction approach in [20] leads to a distinct
scheme with different solution structures.
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