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Abstract

We consider the problem of identifying unknown inclusions inside an elastic
body by means of traction—displacement relations measured on the boundary.
Based on the asymptotic formula of Ammari ef al (2003 J. Elast. at press), we
propose an algorithm to reconstruct unknown inclusions. The algorithm of this
paper detects the location and the elastic moment tensors (elastic P6lya—Szego
tensors) of the inclusion. Since the elastic moment tensors carry information on
the size of the inclusion, we can represent the inclusion in two dimensions by a
disc of the detected size with the detected centre. We also propose an algorithm
to find an ellipse which represents the elastic moment tensors. For this purpose,
we explicitly compute elastic moment tensors associated with ellipses. Several
results of numerical experiments are presented. We emphasize that only shear
stresses are used for the reconstruction of the inclusion: linear traction to detect
elastic moment tensors and quadratic polynomials to detect the location.

1. Introduction

Suppose that an elastic medium occupies a bounded domain €2 in R4, d =2, 3, withaconnected
Lipschitz boundary 9€2. Let the constants (A, u) denote the background Lamé coefficients
that are the elastic parameters in the absence of any inhomogeneities. Suppose that the elastic
inhomogeneity D in €2 is given by

D=€eB+z (1.1)

where B is a bounded Lipschitz domain in R?. Here the small number € represents the order
of magnitude of D and z its location. We assume that D is located away from 92, i.e. there
exists ¢g > 0 such that

inf dist(x, 02) > ¢o. (1.2)
xeD
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Suppose that D has the pair of Lamé constants (i, ) which is different from that of the
background elastic body, (&, u). It is always assumed that

w=>0, dr+2u > 0, i>0 and dh+2>0. (1.3)
We also assume that
=2 (w—[) =0, (=27 +(u— ) #0). (1.4)

We consider the problem of reconstructing the inclusion D by means of the traction—
displacement relation measured on 9 2. Throughout this paper the background Lamé constants
X, w are assumed to be known. The purpose of this work is to reconstruct the unknown D with
or without knowledge of A, fi.

The linear system of elastostatics with the traction boundary condition in the presence of
an inclusion D takes the form

9 duy o
Z —\|Cju—)=0 nQ,i=1,...,d,
=1 an 8)C1

ol
av

(1.5)

=g,
a0
where g satisfies the usual compatibility condition, see [3], and % denotes the conormal
derivative associated with the system of elastostatics, namely

-

9 ) S
a—” = AdivE)N + u(VE+VEDON  onaD, (1.6)
v

where N is the outward unit normal to d D and T denotes the transpose. Here the piecewise
constant Lamé parameter C; ;i is given by

Cijir = (x(Q\D) + Ax (D))8;;8u + (nx (\D) + fx (D)) (881 + 88 ), (1.7)

where x (D) is the characteristic function of D.

In [3], a complete asymptotic expansion of the solution u to (1.5) as € — 0 was obtained.
The first-order term was obtained in [1]. This asymptotic formula is given in terms of the
background solution and generalized elastic moment tensors. The background solution is
the solution to (1.5) when there is no inclusion, i.e. D = (). The notion of (generalized)
elastic moment tensors (EMTSs) is introduced in [3] and their important properties such as
symmetry and positive-definiteness were proved. This notion generalizes the elastic Pélya—
Szegd tensors associated with cavity or rigid inclusions [8—11]. Based on the asymptotic
formula, an algorithm to detect the unknown inclusion is proposed in [3]. The algorithm
detects the first-order EMTs and the location z. The size of the inclusion can then be estimated
from the detected EMTs. We call this algorithm the disc reconstruction algorithm. We note
that the algorithm of [3] uses only linear stresses. In this paper we propose a different method
to detect the centre which uses quadratic polynomials. We compare these two methods by
numerical examples. It turns out that the method using quadratic polynomials performs better
in the presence of noise. We emphasize that the centre and size of the inclusion are estimated
without knowledge of Lamé constants A, /i of the inclusion.

We then propose another algorithm to reconstruct the inclusion in two dimensions. The
procedure to estimate EMTS is the same as that in the disc reconstruction algorithm. Instead
of directly estimating the size of D from the computed EMTs, we find an ellipse which can
represent them. We call this algorithm the ellipse reconstruction algorithm. Observe that
the mere size and centre do not represent a long and thin inclusion well. Thus we look for a
geometric figure associated with the detected EMTs and the class of ellipses seems the most
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natural class of geometric figures to be considered. For the purpose of finding the representing
ellipse, we compute the first-order EMTs associated with ellipses. Note that the first-order
EMTs associated with elliptic holes with x= i = 0 are computed in [10] (see also [8]). We
implement both algorithms and compare the performance of those two algorithms. It turns out
that the ellipse reconstruction algorithm performs far better in estimating the size and orienta-
tion of the inclusion. But unlike the disc reconstruction algorithm, the ellipse reconstruction
algorithm requires a priori knowledge of the Lamé constants 1, /i of the inclusion.

The algorithms proposed in this paper work for both two and three dimensions except for
the representation of three-dimensional EMTs by geometric figures. For instance, the EMTs
associated with ellipsoids have not been computed. It would be interesting to find a canonical
representation of EMTs by certain geometric figures.

We have implemented the disc reconstruction algorithm and the ellipse reconstruction
algorithm in 2D using Matlab. Examples for computational simulations were generated
by a direct second-order finite-difference elasticity solver. The algorithms provide stable
numerical results even with random noise on the boundary measurement. More precisely, the
perturbations of constructed radius and centre position are linearly proportional to the noise
level. The recovered centres are quite accurate but the computed radius does not exactly
match with the original value when the disc reconstruction algorithm is used. We numerically
investigate the proportional constant between computed and actual radius and find that it
depends only on u of the inclusion. The disc reconstruction method also gives pretty good
approximated discs for general domains. The ellipse recovery method gives perfect results for
discs and ellipses and good approximations for general domains.

This paper is organized as follows. In section 2, we review the notion of EMTs introduced
in [3] and obtain their relation under rotation. In section 3 we review the asymptotic formula
and the algorithm to detect the EMTs and centre by boundary measurements, and then propose
a slightly different method to detect the centre. Section 4 presents the numerical results of the
disc reconstruction algorithm. In section 5, EMTs associated with ellipses in 2D are computed
and the ellipse reconstruction algorithm is proposed. Its numerical results are presented in
section 6.

We want to add a brief comment on cases with multiple inclusions before concluding this
section. The asymptotic formula in this paper and [3] is valid for multiple inclusions and may
be used for detection of multiple inclusions. Based on the asymptotic expansion, one may use
highly oscillating background solutions to develop Dirac mass at the location of inclusions.
This method was used by Ammari et al [4] for detection of conductivity inhomogeneities.
See the forthcoming paper [2] for this. Another method of detecting multiple conductivity
inclusions was developed by Briihl ef al [6] which uses finite spectral decomposition of the
approximate Dirichlet-to-Neumann map. This approximation uses an asymptotic expansion.
We emphasize that algorithms in this paper use at most (2d — 1) linear or quadratic shear
tractions.

2. Elastic moment tensor: rotation relation

The elastostatic system corresponding to the Lamé constants X, p is defined by
L= pAi+ A+ p)Vdivi. 2.1)
The Kelvin matrix of fundamental solutions I' = (I';;) for the Lamé system L, ,, is defined as
Ady, B xix
4 |x| 4w |x3]

ifd =3,

[y (x) = ij=1,...,d, (2.2)

A 5 log x|+ 2Kt £0,ifd=2
——38;;log |x| + ——Z, x#0, if d=2,
27 ORI S e
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where

1/1 1 1/1 1
A=—-|—+ and B=—-|—- . (2.3)
2\ 2u+A 2\ 2u+A
If we define Nf for f S Cgo(Rd) by
Vi = [ T niod, 24
R

then £, (N f ) = f . The single- and double-layer potentials of the density function 43 on D
associated with the Lamé parameters (A, u) are defined by

Spdx) = / P — PO do(y),  x e RY, 2.5)
oD
R 3 R
Dodx) = / M- F0)do(n,  x eRNID, 2.6)
aD vy

where ;’—U denotes the conormal derivative defined in (1.6).
As one can easily see, the fundamental solution I' is not rotation invariant. In this section
we find a rotation formula for I" in two dimensions. Let Ry be the rotation by 6, namely

Ry — cosf —sind
9= \sin cos6 |-

(i) L5 (Ry ' (i o Ry)) = IR; (L. 1) o Ro,
(i) (%%) o Ry = Ry-=(R; ' (ii o Ry)).
Proof. One can derive formulae (i) and (ii) from the following formula which can be proved
by elementary calculations:
(divit) o Ry = div(R, " (ii o Ry)),
R\ (Vf)o Ry =V(foRy).
This completes the proof. 0

Lemma 2.1.

Lemma 2.2 (Rotation formula).
['(Ry(X)) = RyT(X)R; ', X e R% (2.7)
Proof. For f € C°(R?), let N f be as defined in (2.4). Then

RN (N f)(Ry(x)) = / R;'T(Ry(x) — y) f(y)dy
]Rd

= A; R;'T(Re(x — ) Ro Ry f(Rs(y)) dy.
On the other hand, it follows from lemma 2.1(i) that
L. u(Ry (N )(Ro(x))) = Ry (L1.,.N f)(Ro(x)) = Ry f(Ro(1)).
Thus we have
Ry'T(Ry(x — )Ry = T(x — y),
and the proof is complete. O

As a consequence of (2.7) we obtain the following rotation formula for the single-layer
potential.
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Lemma 2.3. Let D be a bounded domain inR* and D = Ry (D). Then for any vector potential
@, we have

(Sp@)(Rg(x)) = ReSp (R, (¢ 0 Ry))(x), (2.8)
J N d N
- (Sp@)(Ry (x)) = RS (R, 1@ o Rp))(x). (2.9)

Proof. Equation (2.8) immediately follows from (2.7). By lemma 2.1(ii), we get

ad - J -
—(Sp@)(Ry(x)) = Ry=—(R; ' (Sp@) © Ry) (x).
av av
Then (2.9) follows from (2.8) and the above identity. This completes the proof. ]

We now review the results of [3] on the properties of EMTs and then establish their relations
under rotation. In [3] the notion of EMTs associated with Lamé parameters X, , A fiand a
domain B were defined as follows. For multi-index « € N and j = 1,...,d let fa and g/
in L2(d B) be the solution of

Ssﬂjh — Spgll- = x"¢jlys,
. d(x%e;)
T v

9 ~ . 9 o 2.10)
—=Spf| — —SB&) (
av av

+ dB
Here u|, and u|_ denote the limits from inside and outside D, respectively, and e; denotes a
unit vector in the x/-direction. For 8 € N, the elastic moment tensor M o associated with the

domain B and Lamé parameters (A, i) for the background and (x, ) for B is defined by

My = (mgymlg, i) = / yPgl(y)do(y). 2.11)
B

When || = |B] = 1, we make a slight change of notation: when a = ¢ and B = ¢,
i,p=1,...,d, putmpq = maﬁq,q j=1,...,d. So, 1fweputgl _ga,then

m;jq = /BB ypeq - 8 do(y). (2.12)
The following two theorems are proved in [3].

Theorem 2.4 (Symmetry). For p,q,i, j =1,...,d, the following holds:

ij _ ij ij _ Ji ij __ rq
my, =mg,, my, =Ny, and my, =m;;. (2.13)
Theorem 2.5 (Positive-definiteness). Let M = (m;j,,). If w > i (0 < fa, respectively), then
M is positive (negative, respectively) definite on the space of symmetric matrices. Let k be an

eigenvalue of M. Then there are constants C| and C, depending only on A, i, )NL, L and the
Lipschitz character of B such that

CilB| < k| < G| B]. (2.14)

Theorems 2.4 and 2.5 imply that M becomes an anisotropic elastic tensor.
Note that # defined by

S (), xeD,

u(x) := , _
) Sgl (x) + x;e;, x e RA\D
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is the unique solution of the transmission problem

Ly, =0 in R\ D,
‘Ci,,l u=0 in D,
uly —ul-=0 ondD, (2.15)
ou ou
— ——1 =0 ondD,
|, dv
i(x) — xiej = O(lx|'™), as |x| — oo.
It was shown in [3], (5.14) that
i, a 0] -
mngf [ (peq) _ (x”f”)] iil, do. (2.16)
aD av ov

Lemma 2.6. Let D be a bounded Lipschitz domain in R* and D = Ry (ﬁ). Let
cosf —sind rn o ri
R@ = . = .
sinf  cosf 21 12
Let m;jq and n%i,j,,, i, j,p.q =1,2, denote EMTs associated with D and ﬁ, respectively. Then,

2 2

ij j++q+v ~kl

my, = E E (=)™ Ly Fikt i, 2.17)
u,v=1k,I=1

Proof. Fori, j = 1,2, let fij and §;j be the solution of
<§D];;] l+ —Spgl1- = xiejlan,
_ iSDgij _ 8(Xi€j) ’
v _ v |4p
and let fij and §lj be the solution of (2.18) with D replaced with D. It then follows from
lemmas 2.1(ii) and 2.3 that
Sp(Ry ' (f] o R+ — Sp(R; (8] 0 R)I- = Ry ' ((xiej) o Ro)l,

d - 2.18
D57 (2.18)
av N

9 - o
Esﬁ(R;‘(fﬂ o Ry))

ad o] .
) - 555(139 (8] o Re))‘_ = g(Rg ((xiej) o Rp)) .
It is easy to see that

2
Ry ((xie) o Rg) = Ry(x)i Ry (e) = Y (—=1)/"riaryjCver), i j=1,2.

ki=1
It then follows from the uniqueness of the solution to the integral equation (2.10) that

2
R;l(é}]oR@): Z(—l)"'”rikrljg,l(, i,j=1,2.
k=1
By (2.12) and a change of variables, we have

ij _ -3
my, _/ Xpey - g do
aD

/A R(;l((xpeq) o RO) . R;I(gl] o R@) do
9D

2
j+l+q+v ~ ki
= > (=D ryg Fir ik,
u,v=1k,I=1
The proof is complete. 0
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3. Asymptotic formulae and detection algorithms

For a given traction boundary &, let u be the solution of the problem (1.5). Define the function
H[g] by
HIZI(0) = =Sa@ W)+ Da(NH(x),  x e RNIQ, fi=iilo,  (B.D)
where Sg and D, are the single- and double-layer potentials for the Lamé system on 9€2. The
following asymptotic formula for H|[g] is obtained in [3].
Theorem 3.1. For x € R\,
d+l-laf jal+|fl+d—2

~ d d - i 2d
H[gl) =Y Y O”7[3'(a“U,»)(z)aﬂr(x — )M}, +o(e—), (3.2)
Jj=1lal=1|B|=1 o

|x|d—1

where U is a solution of homogeneous elastostatic equation (1.5), Miﬂ are the EMTs defined
by (2.11), and T is the Kelvin matrix of fundamental solutions corresponding to the Lamé
parameters (A, ).

If U is linear, then U = 0if || > 1 and hence

- d ) d 2d
HZ =Y. 3 Y 0" Up @ T — )M+ o(ﬁ) + O(Pflﬁ)’ (3.3)

=1 lel=1 |BI=1

or,fork=1,...,d,

Hi310x) = e | i:l(ai Uj)(2)0,Tig (x — 2)ml] + o(%) + 0( lel>. (3.4)
LI1,P.9=
For a general g, we have the following formula:
d - e ed+l
Hi[gl(x) = € | j;ﬂ(ai Ui (2)3,Tkq(x — 2)ml, + O(W) + O(W)' (3.5)

Since 0,1y (x —2) = 9,k (x)+O(|x |, (3.4) and (3.5) yield the following far-field relations.

Theorem 3.2. If |x| = O(e ™), then

d
X G = €l YD @UN@, D (WImy modulo O™, (3.6)

i,j,p.q=1

Moreover, lf& is linear, then for all x with |x| = O(e~%), then

d
x| HE1 ) = €/ 1x 7 DT (@3U)(2)8,Teg ()m', modulo fO(*). (3.7

i.j.p.q=1
We now explain the method proposed in [3] to reconstruct the scaled EMT edm;jq,
i,j,p,q = 1,...,d, and the location z of the elastic inclusion D. This method is based
on (3.4) and (3.7). In addition to this method, we propose a new method to detect the location
based on (3.6).
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3.1. Determination of EMT

Easy computations show that

iékqxp E(Skpxq +5pqu _ d_Bxkqup

T =— , 3.8
MO = e Y w1 x[*? o8
where wy = 2w ifd =2andwy = 4w ifd =3. If x =te;,t e R, [ =1,...,d, then
1
8‘”qu (te,) = m[—A&{qﬁpl + B((Skp8q[ + 5k18pq) — dB8k[8q[5p[]
d
1
= WEHP‘]. (39)
Foru,v=1,...,d,let
- a(xuev +xveu)
G i=——| . 3.10)
av 90
Then the corresponding background solution U is given by U (x) = xyey + xpe,. Thus

0;U;j(z) = 8;u0 v + ;10 , and hence the right-hand side of (3.7) equals

d d d 3

< Siubjy + 8iud mil =25 m"?
(iu ju+ iv ju)eklpq Pq €kipq pq-:
Wq ;o= Wa =

Jp.g= P.q=

The last equality is valid since m'y, = miy. Itthen follows from (3.4) thatif t = O(e ), then,
modulo O(e%),

2 d
i[—(A+(d—z)B)m,z;;+BZm;”}, itk =1,
_ N wyq "
(U H GG = ) ik 3.11)
€
— (B — A)ymy;, ifk #1.
Wq
Let
R = lim 19 H (8] (tey), kl,ujv=1,...,d. (3.12)
—00
Then the entries my/, u, v, k,l =1, ..., d, of the EMT can be recovered, modulo O(e*), as
follows: foru, v, k,l=1,...,d,
A+(d—1 A+ (d—2p &
B g ( . ( L) |: ( I th;} +h1‘:l1<i|’ k=1
edmll:lv — dr+(d? —=2d+2)u 2 = (3.13)
—H 0+ (d = DA k1.
3.2. Determination of size
By corollary 5.5 of [3],if i ## j, then
E—2\ip| <le'mil) < CIDI. (3.14)
+ [ :
Thus we take as an estimation of size
+ [ ..
L (3.15)
pup — i) :

is assumed to be 1.

530
n

if f1 is known, otherwise
n(p—pi)
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3.3. Determination of the location: linear method

Having found eIm! kp, we now proceed to find the centre z. In view of (3.4), we have

. Gd 62d
2¢ Z 07Ty (x — 2)m') = HylGun](x) + O(W) + O(W)’

r.q=l1
kuv=1,...,d. (3.16)
Since m;’; =m’ qp, we can symmetrize (3.16) to obtain

d e 2

! Z [07Tg (x — 2) + 09Ty (x — 2)Im") = Hi[gun](x) + O(W> + O(led—‘ ) (3.17)
p.q=1

Define the transform P on the space V of d x d symmetric matrices by

P((apy) = (Z a,,,,edm;;).
p.q=1

Then, by theorem 2.5, P is invertible on V. Let (ni;jq) be the matrix for P! on V, namely

P ((apy) = (Z apqn;q) (apg) € V. (3.18)
p.q=1
It then follows from (3.17) that
1 €l
pq
P Thg(x —2) + 39Ty (x —2) = ,12:1 Hy g,j](x)n +O(| |d> +O<W>. (3.19)
Observe from (3.8) that
d
B— A x;— -1 —

3 9Ty (x —2) = AL T k=1,....d.

=l wg |x—z|9  wi((d—Dp+r)|x -z

Hence we obtain from (3.19) that

_ 1 ‘
If:_;lfl = —wi((d — D+ 1) Z Hk[g,,](x)Zn”’+0(| |d> +0<|x€|ﬁ>- (3.20)

i,j=1

Multiplying both sides of (3.20) by |x|¢~!, we arrive at the following formula. If |x| = O(e %),
then

Xk — Tk
—|x — = —wy((d — 1),U«+)»)|x|d 1 Z H[ gl]](x)znpﬁ+o(€d)
i,j=I
k=1,...,d. 3.21)
Formula (3.21) says that we can recover {£=2, k = 1, ..., d, from the moment matrix,

|x—2
or the boundary measurements. We now use an idea from [7] and [5] to recover the centre

z from 2=%. Fix k and freeze x;, [ # k, so that Z,# |x;] = O(e%). Then consider

[x—z]
—wa((d — Dp + A)|x]4! Zld] , Hi[gij1(x) Zp ]npp as a function of x;. In fact, for
X = xpey + Zz# x;e;, define
d d
() = —wa((d = D+ Vx| Y Hilgln) Y onlf. (3.22)
i,j=1 p=I
We then find the unique zero of @, say z;. Then the point (Zp ..., 2)) is the centre z within

the precision of O(e?). Here ¢; ; 1s the usual coordinate vector, i.e. e; = (8;;)i=1,
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3.4. Determination of the location: quadratic method
This method uses the relation (3.6). In view of (3.6) and (3.9), we get
- 1 ¢ -
(T HUG (te) = — Y (iU @ewpgelmi, modulo O(e™*). (3.23)
@d i jpq=1
Since mi;jq = m;’;, we get

d d d
Z (3in)(z)ek,pqedm;q =1 Z (ekipg + €rigp) Z (35Uj)(Z)€dml,f,,-

i,j,p.q=1 p.q=1 i,j=1
Define a linear transform T : R¥*¢ — R9*¢ by
d
T(apq) = % Z (ek,pq +ek,qp)apq.
p.q=1

Then one can easily check that T is invertible. It then follows from (3.23) that

d
Z QU ()em) = 0T~ 17 Hi[gl(er) pg. modulo O(e™*). (3.24)
i,j=1

We then apply second-order homogeneous solutions for U. In fact, in the two-dimensional
case, take

Ux) = 2x1x2, x2 — x3), (3.25)

and g = %—lu/ Then using (3.24), we can determine (9; U;)(z) (thus z) from the elastic moment

tensor m;jq and the limit value of Hi[g] at ¢t — oo. In the three-dimensional case, we apply
two homogeneous polynomials:

U(x) = 2x1x2, x2 — x2,0), (2x1x3, 0, x7 — x3). (3.26)

4. Numerical results

Our disc identification algorithms do not rely on a forward solver while many iterative
algorithms require a sequence of forward solutions. Solutions of the elasticity problem
obtained by a second-order finite-difference forward solver are used only for generation of
numerical simulations. In example 1, we show the physical configuration of a test example
and convergence of the forward solver. Effectiveness and stability of the algorithms for a disc
inclusion are numerically demonstrated in example 2 and validity of the asymptotic expansions
for the radius and the centres has been checked under various physical configurations in
example 3. Example 4 shows that the disc reconstruction algorithm also provides pretty
good disc approximations even for domains with non-circular inclusions.

Example 1 (Forward solver). In this example, we compute four inhomogeneous solutions
of (1.5) on a domain with a circular inclusion. The disc centred at (0.4, 0.2) is of radius
r = 0.2 and has Lamé constants (X, @) = (9,6) while the background Lamé constants
are (A, u) = (6,4). u"', u"?, u>? and u9“% denote the inhomogeneous solutions with
the same boundary values of the corresponding homogeneous solutions, U'! = (2x, 0),
U = (v,x), U»? = (0,y), U4 = (2xy, x>—y?), respectively. Figure 1 shows the
physical configuration of the inclusion. The solid and the dotted contour curves represent
the positive and negative difference between inhomogeneous and homogeneous solutions and
separation between contour curves is 0.01.
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Figure 1. Difference between inhomogeneous and homogeneous solutions with (x, ) = (9,6)
and (A, u) = (6,4).
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Figure 2. Difference between the inhomogeneous and the homogeneous solutions along four sides
of the boundary and the convergence error of the forward solver for N = 32-96.

The four small plots in figure 2 show computed inhomogeneous solutions on a 128 x 128
grid compared to the homogeneous solutions. The dashed curve gives the first component
perturbation u|yo — U |y along the four boundaries in a counterclockwise manner and the



714 H Kang et al

dash—dotted line shows u3|yq — Uz |sq. We compare the forward solutions on 32 x 32,48 x 48,
64 x 64, and 96 x 96 coarse grids with those on the fine 128 x 128 grid in order to check the
convergence and the accuracy of our numerical forward solver. The right-hand side plot in
figure 2 draws the convergence error in root mean square norm as a function of discretization
points and it shows that the solver has second-order numerical convergence and provides about
four-digit accuracy with N = 128.

Example 2 (Computational results and stability of the algorithm). We have implemented
the following reconstruction procedure for two-dimensional domains using Matlab and tested
its performance using a circular inclusion as described in the previous example.

Step R. Compute €> my} using (3.12),
hy = llngotHk[guu](tel)v

and mp; in (3.13) foru < v,k <l,u <k,andv < [:

—w[ Zh +hz;g} k=1,

—n(k+u)hk,, k1.

2 uv __
€emy, =

12
Then the computed radius 7. is 1/ ‘";—‘"

Step C1. Compute the matrix (n 7). Jj.p.q=1,2 defined in (3.18):

2
<Z apqnpq) = P~ ((apy)) where P((a,)) = <Z Apg€ mpq>

p.q=1 p.q=1
Then find the unique zero z}/, k = 1, 2, defined in (3.22),

Dy (i) = =27 (. + 1) x| Z Hilgi)(x) Zn
i,j=1
by Newton’s method with H;[g jil(x) and Hk[g jil(x). In the iteration, the other coordinate
X7 1s frozen to a constant larger than O(e’z) and we just choose x,_ to be 103.

Step C2. Compute the centre point z using (3.24):

Z @:U))(@)e*m'], = 2w T~ (tH [31(te))) g

i,j=I
where

2 -
T(apg) =5 Y (eripg +ergp)apg.  Ux) = (2x1x2, X7 — x3).
P.q=1
The following table summarizes a computational result of the algorithm using the forward

solutions on a 128 x 128 mesh. r¢ is the computed radius in step R, (x{, y{) is the centre
obtained by the linear method in step C1, and (x5, y5) by the quadratic method in step C2.

o) Oui) () r re (x{, ¥9) (x5, ¥5)
6,4) 9,6) (04,0.2) 0.25 0.3036 (0.4110,0.1961) (0.3983,0.1985)




Identification of elastic inclusions and elastic moment tensors by boundary measurements 715

0

Reconstructed Disc 10
1 * X_XE
voyy
107 H| x—xr1 ﬁ
V4
0.5 - ¥, 7 o
© O r—° - -
4 £
@ Q/’V/
jol
° 2 v, 7 e
210° i :
< x 7 A ©
V~.<. 7
-0.5 4
sy X
10°Y7 %
e
-1 -10
-1 -0.5 0 0.5 1 10 + +
10° 10° 107 107

Random Noise (rms)

Figure 3. The dash—dotted circle represents the solution by the linear method and the dashed circle
that by the quadratic method. The right-hand plot shows the perturbation error due to the random
boundary noise.

The left-hand diagram in figure 3 shows the original disc as a solid curve; the dash—dotted
circle is the reconstructed disc by the linear disc reconstruction method and the dashed circle is
by the quadratic reconstruction method. In order to check the stability of the algorithm, we add
random white noise to the Neumann and Dirichlet boundary data. Since computational results
for radius and centres have some errors even without noise, we compare the difference between
those with and without noise. We plot the absolute perturbation error of the reconstructed
values with respect to white random noise level measured in the root mean square sense. The
right-hand plot in figure 3 demonstrates that the algorithm is linearly stable with respect to the
random boundary noise.

Example 3 (Asymptotic expansion). In this example, we test the computational algorithms
described in the previous example with various configurations of disc inclusions and check
the validity of the asymptotic expansions for the radius in case where the inclusion has finite
size much bigger than 0. Table 1 and figure 4 summarize the computational results for three
different locations with two different Lamé parameter configurations. The linear and the
quadratic methods compute the centre quite well but the radii of the top three cases are about
20% larger than the original discs and those of the bottom cases are about 30% smaller than
the originals.

In order to check the validity of the asymptotic expansion, we compute the radii by the
disc reconstruction method for various combinations of radii and Lamé parameters while fixing
the centre of inclusion at (0.4, 0.2). We use three different computational grids to check the
computational accuracy of our forward and inverse solvers. In figure 5, the dotted line is used
for the results on 48 x 48, the dashed line on a 64 x 64, and the solid line on the 128 x 128 grid;
the computational results on the three different grids seem to be almost identical. The figure
also shows that the computed radius is not identical but proportional to the original value.
The ratio between the computed and the original radius is independent of the radius, which
is strong evidence of a missing second-order asymptotic expansion term for the radius. It is
worth noting that the asymptotic expansion of EMT in (3.13) is correct up to O(e2?), which
gives a valid expression for the radius up to second-order accuracy in two dimensions.

Figure 6 illustrates the computed radius for a disc inclusion of radius » = 0.25 on a 64 x 64
grid with various Lamé constants. It shows that the computed radius is dependent only on 1,
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Figure 4. Reconstruction results. Dash—dotted circles by the linear method and dashed circles
by the quadratic method. The three upper cases have stiff inclusions with (X, i) = (9, 6),
(A, u) = (6,4) and the three lower cases are with (r, n) = (6,4), (x,n) = (9,6). We use
the notation Ao, po for A, ; and 1y, w for }2, L.

Table 1. Computational results.

o Oup) () roore (x5, y6) (x5, ¥5)

6,4) (9.0,6.0) (0.5,0.1) 0.2 0.2474 (0.5198, 0.0967) (0.4988, 0.1014)
6,4) (9.0,6.0) (0.2,0.2) 0.3 0.3638 (0.1999, 0.1999) (0.1962, 0.1982)
6,4) (9.0,6.00 (=0.3,—-03) 0.5 0.5931 (—0.2974, —0.2972) (—0.2947, —0.2981)
6,4) (7.0,4.5) (0.5,0.1) 0.2 0.1371 (0.5203, 0.0967) (0.4995, 0.1009)
6,4) (7.0,4.5) (0.2,0.2) 0.3 0.2029 (0.2003, 0.2003) (0.1969, 0.1977)
6,4) (7.0,45) (=0.3,-03) 0.5 0.3366 (—0.3006, —0.3005) (—0.2990, —0.2995)

and not on 1;. The dependence of size on | is not known exactly in (3.14) but numerical
computation shows that the proportional constant is similar to % Therefore, we can
compute the radius of inclusion much more precisely using (3.15) when the Lamé constant of

the inclusion is known.

Example 4 (General domain cases). We now test the disc reconstruction algorithm with non-
circular shape inclusions even though the algorithm has been derived for circular inclusions.
The computational results on the 64 x 64 grid in figure 7 show fairly good agreement with their
circular approximations. It is also worth mentioning that (Xg, o) = (6,4), (A1, 1) = (9, 6)
gives about 20% bigger results and (Ao, (o) = (4, 6), (A1, 1) = (6, 9) about 50% bigger than
originally, in the disc cases shown in figure 5, therefore the computed results are bigger than
the inclusions, especially for the three lower examples.
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(g ig)=(64), (1, .1,)=(9,6) (g ig)=(4.6), (-, .1,)=(6.9)

Figure 5. Computed radius r“ on three different computational grids. The dotted line for 48 x 48,
dashed line for 64 x 64, and solid line for the 128 x 128 grid coincide well.

(hgg)=(64) (hyig)=(6,4)

Figure 6. Computed radius as a function of 1 and x| for the inclusion of radius r = 0.25 centred
at (0.4, 0.2). The right-hand plots are the same as their left-hand counterparts, but from different
viewpoints.

5. Reconstruction by ellipses

In the previous section, we showed that m;jq and the centre and size of an inclusion can be
detected by the boundary measurements. However, EMTs carry more information of the
domain than just the size. For example, if D is an ellipse, then the EMT varies depending on
the ratio of the long and short axes. In this section, we propose a method to find an ellipse
which represents the detected EMT. For that purpose we first compute the EMTs associated
with ellipses. We note that the EMTs associated with elliptic holes with A = i = 0 were
computed in [8] and [10].
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Figure 7. Reconstruction of general shape inclusion.

Let us now restrict ourselves to the two-dimensional case. Suppose that €2 is a domain
(bounded or unbounded) with the Lamé parameters A, u and let # = (u, v) be a solution of
L; i = 0in Q. By section 32 of [12], there are holomorphic functions ¢ and ¥ in € such
that

. —_— — A+3u .
20 (u +1v)(2) = k9(2) — 2¢'(z) — ¥ (2), R +iy. (5.1)
Let D be the ellipse given by
L ox2 )2
D:E+ﬁ=1, a,b > 0. (5.2)
We denote by m;’,,, i,j,p,q = 1,2, the EMTs associated with D. Letii = (u, v) be the
solution of (2.15). Let u, := 12'|C\§ and u; := iu|;. Then there are functions ¢, and ¥,

holomorphic in (C\ﬁ and ¢; and ¥; holomorphic in D such that

. _ — A+3u =
2p(ue +10.)(2) = k9. (2) — 2¢,(2) — Ve (2), K = ,z€C\D (5.3)
A+
- ) - T — A+30 N
20 (u; +1v;)(2) = ki (2) — 29/(2) — ¥i(2), K =—=——,2€D. (5.4
A+

It then follows from the transmission condition in (2.15) that the following identity holds
on dD:

1 - 1 -
o (KPe(2) — 29,(2) — Ye(2)) = 5= (K9i(2) — 29;(2) — ¥i(2)). (5.5)
7 2

Another transmission condition, namely, the continuity of the conormal derivatives along d D,
takes the form

0e(2) + 20,(2) + Ve (2) = i (2) + 290} (2) + ¥ () + ic, (5.6)

where c is a constant (see section 32 of [12]).
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In order to find the ¢,, V., ¢; and ¥; satisfying (5.5) and (5.6), we use elliptic coordinates
as used in [12]. Using the notation in [12], let
a—>b

1
R = - , = , .
2(a+b) m Py 5.7

and define
m
z=x+1y =w() = R<§ +?>

Then w maps the exterior of the unit disc onto (C\ﬁ.

Lemma 5.1. For a given pair of complex numbers o and B, there are unique complex numbers
A, B, C, E, F such that functions ¢,, V., ¢; and ; defined by

A
¢e0w(§)=R[0€€+E} [¢]>1, (5.8)
B Ct
weow(§)=R[,3§+?+§2_m} ¢ > 1, (5.9
0i(z) = Ez, zeD, (5.10)
Vi(z) = Fz, zeD (5.11)

satisfy the conditions (5.5) and (5.6). Here c in (5.6) can be taken to be zero.

Remark. The numbers « and 8 determine the intensity and the angle of remote stress (see
section 36 of [12]).

Proof of lemma 5.1. Since
@) 4m
0@ t(l=mg?)’
the transmission conditions (5.5) and (5.6) are equivalent to the following algebraic equations:

K 1 /A - RE — E m -
—a——|—+B| = — — —F,
201 20

1<l =1,

£ 1( 54 f) = KE—E L7 (5.12)
T TR =TS T T
A+(ma+pB)=m(E+E)+F,

1
(m2+1)ot—<m+—>A+C=O.
m

It is easy to show that this system of algebraic equations has a unique solution. The proof is
complete. 0

Let o = «) +iay, and so on. Observe that the exterior solution u, +iv, behaves at infinity
as

1
U, (2) +ive(z) = ﬂ[(/cal —o — B)x + (—kay —ar + o)yl

+ i[(/(az Faa+ B+ (kay — a1+ Bi)y] +O(z| D). (5.13)
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We also observe that the interior solution u; + iv; is given by

1
ui(z) +ivi(z) = ﬁ[(('z — DE, — F)x + (F, — (k + D Ey)y]

+ 2%[((/2 +1)Es + B)x + (R — DE, + F)yl. (5.14)
m
Define
d(xpeq) 8(x,,e,,)
,B) = Ue, V) d 5.15
mpq(a, B) /BD[ 2 05 < (ue, v.) do. (5.15)
Let rﬁi,jq be the EMT associated with D. Then by (2.16) and (5.13), we have
m'l = m L—,u, m? =m L,u, m'2 =m _—miu
rq PA\ e — 17 ’ rq Pi\ e =17 )" Pq PI\ e —1° '
(5.16)

Since i, = u; on 3D, we have

= [(A — Mdiv(x e, )div(i;)
)

w— i

+ B RV (xpe,) + Vxpe)T) - (Vi + Vi) do.

Denote the solutions of (5.12), which depend on given « and 8, by A = A(«, B), etc. Then
we obtain

p k=DM =r+pu—DE — (u—)F, ifp=qg=1,
ﬁmm(“a B) =1 (u—)F, ) if p#gq, (5.17)
k=D —A+pu—E +(n— )F, if p=q=2.

For given «, B, we solve the system of linear equations (5.12) to find E(«a, B) and F(a, B),
and using (5.16) and (5.17) we can find n%'qu, i,j,pog=172.

Lemma 5.2. [f D is as above, then

mit =m=0. (5.18)
Moreover, if D is a disc, then in addition to (5.18 ) the following relations hold:
ity =13 = iy + 2. (5.19)

Proof. Since the coefficients of (5.12) are real, E; (¢, B) = Fi(«, ) = 0if o and B are purely
imaginary, and E>(a, B) = F>(«, B) = 0 if o and B are real. Thus (5.18) follows from (5.16)
and (5.17).

Let D = Ry (ﬁ) Then it follows from (2. 17) and (5 18) that

mi} = cos* 0|} + 3 sin®(20)ri}} + sin (29)m +sin? Omzz,

ml) = sinf cos’ 91?1” — 1sin(40)my; — 1 sin(40)m |3 — sin® 6 cos B33,

my, = 1sin®(20)ri|| + (1 — 1 sin’ (29));;15 - smz(ze)n%}g 1 sin*(20)m33, (5.20)
mi; = 1sin®(20)m || — 1 sin®(20)m}} + cos®(20)im 3 + 1 sin (29)1?1%%, .
mi% = sin® 6 cos 91?1}% 1 Lsin(40)m) + 3 L sin(40)m 13 — sin 6 cos® B33,

m33 = sin* O] + 5 sin”(20)ri}) + sin®(20)1}3 + cos” B33

If D is a disc, then mfnjq = iﬁpq, i,j,p,q = 1,2, for any 8. Thus one can read (5.19)
from (5.20). This completes the proof. O
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Lemma 5.3. Suppose that either m!} + ml3 or mil —m33 is not zero. Then
1 2
my,+m 1
2 —2 = —tan20. (5.21)
my —my 2

Proof. One can easily see from (5.20) that

~22

11 A1 222 11 12 _ 1 11
), myy +my; = 5sin20(m | — my).

mi} —m3 = cos20 (|| — m3

Thus we get (5.21). U

Representing an ellipse

We now describe a method to find an ellipse which represents the detected EMTs. Let M}, P>
i,j,p,q = 1,2, be the detected EMTs. Let n%’p’q be the EMT associated with the ellipse
D of the form (5.2), and let my, be the EMT associated with D := Ry (D) Then m ,,],, are
determined by 6, | D|, and m deﬁned by (5.7). For convenience, set n := |D|.

First we set a tolerance by 7. If both |[M} + M)?| and |M ! — M23| are smaller than ,
then represent the EMTs by the disc of the size found in the previous section.

If either |M + M2122| or |M — M2222| is larger than 7, then first find the angle of rotation
6 by solving (5. 21) namely

11 12
My, + My,

12" 22 _ _tan26, 0<6 5.22
Ml =g 2 ) o

(ST

We then compute A;[;;’;I by reversing the rotation by 6 found in (5.22). Since it suffices to
replace r;; with (—1)"*/r;; in (2.17), we get

M = Z Z( D)k rH e g rir ME (5.23)
u,v=1k,l=

rip rip\ _ [cosf® —sinf
r1 rn)  \sind cos® )’

The ideal next step would be to use (5.16) and (5.17) to find n = |D| and m which produce
mpq which best fit to M;,jq, or which minimize

where

11 Azz 22 A1l ol A12 a2
|m — M11 |+ |m3; — My |+ [myy — Moy, |+ |my; — M5 . (5.24)

But it is not so clear how to minimize (5.24) since 771}, is a nonlinear function of m and . So
we propose a different method to find , and m.

The relation (5.19) suggests that 2(il} +2m13) — (th +m3%3) carries some information
on the size of m, the ratio of long and short axes, whlle m carrles information on 7, the size
of D. So, we solve

20m3) + 2013 — (il +mB) = 23 +2M3) — (M)} + M2) miy=M{3. (525

Among the solutions found by solving (5.25), we choose the one which minimizes (5.24).



722 H Kang et al

1 1 1
05 0.5 05
0 O O 0
~05 ~05 ~05
"4 o5 0o 05 1 1 05 0 05 1 -1 05 0 05 1
Oylig)=6.4), (1 )=O080)  (on)=(64), (1 )=9080)  (u)=(64), (1,.1)=(2.06.0)
1 v v 1 1
0.5 0.5 05
O 0 O 0
-1 . 1 ‘ i ‘ :
1 05 0 05 1 1 05 0 05 1 1 05 0 05 1

(ghg)=(9.6), (o1 )=(6040)  (on)=(9.6), (h)=6.040)  (ym)=(9.6), (A,n)=(6.0,4.0)

Figure 8. Computed ellipses for various inclusions marked with solid curves. The centres of dotted
ellipses are computed by the linear method and dash—dotted ones by the quadratic method

6. Computational examples

The computational algorithm to reconstruct an ellipse has also been implemented using Matlab.
The algorithm first computes the centre of an ellipse using linear solutions or a quadratic
solution, which is an identical procedure to the disc reconstruction method, then tries to recover
the major and minor axes, and the orientation of the ellipse. Thus we cannot expect any better
result for the centre of the ellipse; however, the shape and orientation of the ellipse can be
recovered more precisely than with the disc reconstruction algorithm.

Example 5 (Ellipse reconstruction). In this example, we test the algorithm using the same
domains as in example 4. The ellipse reconstruction method can be summarized as follows.

Let M}, be the detected EMT. Given a tolerance 7, if both | M1+ MJ?| and |M | — M33| are
smaller than 7, then find the disc of the size found in the previous section. If either | M ]121 + M2122|
or |M1111 — M2222| is larger than 7, then

(E1) Determine the angle of rotation 6 by solving (5.22),
Ml +My; 1 T

12 22 apn 20, 0<6 <=.
Ml —M3 2 2

(E2) Using the angle 6 found in (E1), solve (5.23) to find M,:

2 2
rij u+k+p+i kl
M}, = E E (=D Py g rir M
u,v=1k,l=1

rip ri2) _ [ cosf —sinf
r r» ) \sin@ cos6 |’

where
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(E3) Find | D| and m by solving (5.25):
11 A 12 ATl ~22 o1l 12 11, 222 A12 _ 12
20y, +2myy) — () +1yy) = 2(My +2Myy) — (M + Ma;) mpyy = Mp.
(E4) Among the solutions in (E3), choose the one minimizing (5.24),
ALyl £22 422 ALl ol A12 12
[y — My |+ |myy — Moy |+ |moy — Moy [+ |myy — M|
Figure 8 shows the reconstructed ellipses. The algorithm gives perfect reconstruction
results for elliptic inclusions and fairly good approximation even for non-elliptic domains in
the sense that it provides correct estimations on the major and minor axes, and the orientation.
It is worth remarking that the ellipse reconstruction method requires Lamé constants not only
for the background but also of the inclusion while the disc reconstruction method uses only

background information. Thus, it is not surprising that this ellipse method gives perfect size
information for the discs, as shown in the first diagram in figure 8.

7. Conclusion

In this paper we consider the problem of identifying unknown inclusions inside an elastic
body. An inclusion has different Lamé parameters from those of the background. Based on
the asymptotic formula in [3], we propose an algorithm to detect the EMT and the location
of the inclusion. The algorithm proposed in this paper uses quadratic polynomials to detect
the location while that in [3] only uses linear tractions. We implemented both algorithms and
compared the results.

In order to estimate the size of the inclusion, we use m{% based on an estimate in [3].
For the same purpose we may use the average of the trace, namely 1(m}} + 2m}3 + m33).
Since mere size estimation does not represent the estimated EMTs fully, we propose another
algorithm to identify an ellipse which can represent them. It turns out that the algorithm
identifies the ellipse rather well by representing the orientation, and long and short axes
of the inclusion. We should mention that in the case of conductors there is a one-to-one
correspondence between the class of ellipses and the two-dimensional polarization tensors,
see [6] and [11]. By finding two eigenvalues and two linearly independent eigenvectors,
we can identify the ellipse corresponding to the detected polarization tensor. But for two-
dimensional EMTs, there are three nonzero eigenvalues and three corresponding eigenvectors.
It would be interesting to find a class of geometric figures which can be uniquely identified by
these eigenvectors and eigenfunctions.
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