Chapter 3. Image Transforms

Fourier Transform of 1 and 2 continuous
Discrete Fourier Transform

Properties of 2-D Fourier Transform
FFT

Other Transforms

Transform theory: key role in image processing

- 2-D transforms to image enhancement, restoration, encoding, ...

3.1 Introduction to the Fourier Transform

® Notation of FT pair:
LA} =F@) = [ f(x)e”*"dx
- inverse FT
FHF@) = f() = [ Fu)e”*™du

if f(x) is continuous and integrable and F(u) is integrable

® f(x):real O  F(u):complex

F(u)=R(u) + jI(u)
- |F(u)|ej¢(u)
where |F(u)| = [R2 (u)+1° (u)]% : Fourior spectrum (magnitude)

RO

@(u) = tan~ RGo)

: phase

- square of spectrum :

P(u) =|F @)
=R*(u)+1°(u) : power spectrum of f(x) (spctral density)
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2-D FT pair:
- extension of 1-D FT;

FUAGa} =Fwv) = [[f(xp)e” T dxdy

F'YF(u,v)} = f(x,y) = j’J’F(u,v) e 2 dydy

spectrum, phase and power spectrum:

- |Fu,v)|= [R 2(u,v) + Iz(u,v)]% ; Fourier Spectrum

4 1(u,v)
R(u,v)

P(u,v)=| F(u,v)|"=R*(u,v) + I’ (u,v) ;Power Spectrum

@(u,v) = tan ; Phase Spectrum
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3.2 The Discrete Fourier Transform (DFT)

® Sampling:
J(x) = {f(x0), f(xg +Bx),---, f(x, + (N +1DAx)

uniformly spaced samples

JFO), £, f(N=1)
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® DFT pair:
1 N-1
Fu) = N > f(x)exp(=j2mux/N)

x=0

for u=0,1--,N-1

f(x)= NZ_IF(M) exp(j2mux/ N)
u=0

for x=0,1,---,N-1

- values u=0,1,...,N-1

correspond to samples of continuous transform at values
0,Au,20u,---,(N —1)Au

Fu) - F(ubu)

® 2-DDFT:
M-1 N-1

F(u,v)=ﬁ zo zof(x,y)exp(—j27T(ux/M+vy/N)
- ==

for u=0,1,---.N-1 v=01,---,N-1



M-1 N-1
S, =5 > F(u,v)exp(j2m(ux/M +vy/N)
_ u=0 v=0

for u=0,1,---,N-1 v=01,---,N-1

- sampling : 2-D grid
Au = L, Av = L
MhAx NAy

- for square array, M=N;

Flu,) = %z jz:f(x,y) exp(—j 27T (ux +vy)/ N)
Fxay) = %z ZF(u,V) exp(j 27T (ux +vy)/ N)

3.3 Some Properties of the 2-D FT

® dynamic range of Fourier spectra :

- much higher than the typical display device
- range: [0,2.5%10°]




only the brightest parts are visible on the display screen

- log compression ;
D(u,v) =clog[l+| F(u,v)|]

v Scaling constant

3.3.1 Separability

N-1 N-1
o Fluv)=— 3 exp(~j2mur/N) 3 f(x,y)exp(=2my | N)
x=0 y=0

N-1 N-1

f(x,) :% > exp(+/2mux / N) Yy F(u,v)exp(+,j2mvy/N)
u=0 n=0

: obtained in two steps by successive applications of 1-D FT
or

N-1
F(u,v =L F(x,v)exp(—j2mux/N
N

x=0
| N-I _
where F(x,v) = N[F > f(x,y)exp(—j2mux/N)]
y=0

: 1-D transform

i, (N- 1) b, {0, 0 IN=-1) 0, m (&= 1)
v
Row transforms Colamn
'—_* ﬁ.
Multiplication by N transforms
(N-1) (N=1) (N=1)




® 2-DFT:

1. 1-D transform along each row of f(x,y)
ii.  multiply by N

iii.  1-D transform along each column of F(x,v)

3.3.2 Translation

o [f(x,y)exp(j2m(upx +vyy/N) o F(u—uy,v—vg)

S(x=x0,¥y=¥y) o F(u,v)exp(—=j2m(uyx +vyy/N)

o u0:V0:N2;

exp(j2M (uyx +v,y)/ N) = /™) = (=1)**"

)

- fOEYEDT - F(u—%,v—%

3.3.3 Periodicity and Conjugate Symmetry

® periodicity : DFT and its inverse are periodic with period N :
Fuv)=Fu+Nv)=Fu,v+N)=Fu+N,v+N)

® conjugate symmetry :

- iff(x,y) is real,

F(u,v)= F*(—u,—v)

or | F(M, V) ‘:| F(_M,_V) | : centered on the origin
® display of one full period :

: move the origin of the transform to the point u = %

S)ED?
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3.3.4 Rotation

® in polar coordinate :

x=rcosf, y=rsinf@, u=wcos@, v=wsin@

(’)_’ (I",Q)

Fu,v) - F(w,p)

® FT pair for rotation function :

- f(r,0+6)) o F(w,0+6,)
- rotating f(x,y) by angle 8, — rotating F(u,v) by angle 8,

%) &l



3.3.5 Distributivity and scaling

® distributivity :
F »+ ., »i=F TR = EPRN D)

FUACG ) O ()3 2 FUAGL ) TR, ()5

® scaling:

) v)

blem— =)

3.3.6 Average Value

® average value of 2-D discrete function

T ==Y Y )
=—F )

3.3.7 Laplacian

® Laplacian of 2-D function f(x,y) :

0°f 0°f
0% f(x,p) ==+
S(x,) o oy

FO' ) == ) )

: useful for outlining edges in an image



3.3.8 Convolution and Correlation

® Convolution :
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in freq. Domain, convolution theorem ;

fxd x)o u) u

J(gXx) o Fu)UG(u)

In DFT ;

f(x), g(x) : periodic some period M
M=2A+B-1

. no wraparound crror

appending zero to the samples ;

f(x) 0sx<4-1

=1 0 A<x<M-1

g(x) 0sx<B-1

ge(x)_{o B<x<M-1

1 M-l
fe(x)Dge(x) :H Z_OfO(m)ge(x_m)

for x=0, 1, ..., M-1
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- 2-D convolution ;

f@» D =[[ /@ Bekx-a.y-Bdadp

f(xay) Dg(-xay) « F(u,v)G(u,v)



f(xay)g(xay) < F(M,V) DG(M,V)

- array size ;

v flx,y) @ AXB
gx,y) : CxD

v to avoid wraparound error

M=z2A4A+C-1
Nz2B+D-1

v’ extending f(x.y), g(x.y) ;
f(x,y) 0sx<A4-l,and 0<y<B-1

X,y) =
Jele.7) {O A<xs<M-l,and BSy<N -1
g(x,y) 0sx<C-l,and0<y<D-1
g (%, ) =4
0 A<xs<M-lL,and DSy<N-1
M-1 N-1

fe(x’y)ljge(xby) :M_N z Zfe(man)ge(x_may_n)

m=0 n=0
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® correlation of 2 continuous functions f(x) and g(x) :

f)eg = [ f*@g(x+a)da

not folded to the origin

if f(x)=g(x), autocorrelation

if not, crosscorrelation
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- discrete equivalent
1 M-l
fe(X)oge(X)=H > fe*(m)g, (x+m)

m=0

- 2-D;

1] M-1N-
fe(x’y)oge(xay) :mmz:() nZOfe *(m,n)ge(x+m,y+n)

correlation theorem ;

f(x,y)og(x,y) < F*(U,V)G(U,V)

f(x,y)og(x,y) < F*(U,V)G(U,V)



3.3.9 Sampling

1) 1-D functions

- infinite sampling interval ;
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- band-limited function

sampling function s(x) ; comb function (or impulse train)

: a train of impulse Ax units apart

sampling of f(x) : s(x)f(x), F(u)*S(u)
: convolution theorem

transform : periodic with period yAx , overlap (aliasing)

- Nyquist rate :
Avs— Loy
T Y A

® Whittaker-Shannon sampling theorem :

: complete recovery of a band-limited function from samples

® Finite sampling interval (practical case) :

: sampling interval: [0, X]
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- window function (rectangular)
0 O0<x<w :finite sampling interval

h =
) %) elsewhere



® The periodicity of DFT :
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- N :samples of f(x) and F(u)
— in X Domain ;

NAx = X

- in freq. Domain ;

=1 . =1
NAu Ax Au %VAx

2) 2-D functions
® sampling process for 2-D functions :

- 2-D impulse function : (x,y) defined as ;



IIf(x>Y)6(x_xoay = yo)dxdy = f(x,,,)

2-D sampling function : s(x,y)
s, wh

}

%%/

- sampled function : s(x,y)f(x,y)

- freq. Domain




- S(u,v)UF(u,v)

where S(u,v) : a train of impulses with separation yAx and %y in the u
and

v directions

- f(x,y) : band limited
- S(u,v)UF(u,v) :periodic in two dimensions

® 1o aliasing condition :

- if 2W,, 2W, : widths in the u and v directions
- izzWu, Lo,
Ay

® low-pass filtering :

W, <usW, —-W,<usW,

v v

otherwise

G(u,v) = %

® 2-DDFT:

- for NXN images
Au = L Ay = L
NAx’ NbOy

- complete 2-D period will be covered by NxN uniformly spaced values in

both spatial and frequency domain



