1 Classification of binary cubic self-dual codes

1. /=2
It is easy to show that there is a unique self-dual code C5 over R up to equivalence of
Definition 2.2. The generator matrix is

Ge=[1 1].
The corresponding binary cubic self-dual code is a decomposable code, denoted by
Cy @ Cy & C5 in the notation of [3, Table 2].
2. 4=4

It is easy to show that there are exactly two inequivalent quasi-cyclic self-dual codes,
C4,1,C42 in R. The generator matrix of Cy 1 is

1 0/0 1
G4’1*{1 |1 1}‘

The corresponding binary cubic self-dual code is C§ in the notation of [3, Table 2].

The generator matrix of Cy o is

Gaoo | L O|YV+L V24V +1
Y Y1 1 '

The corresponding binary cubic self-dual code is Bjg in the notation of [3, Table 2]. We
note that ¢~1(Cy2) is the unique [12,6,4] extremal Type I code.

3.0=6
There are 1920 self-dual codes over R of length 6 constructed from G4,1 and G42 by using
Theorem 2.3. We can verify that there are exactly three permutation inequivalent binary

cubic self-dual codes, $~(Cg1), ¢ 1(Cs2), ¢ 1(Cs3). The generator matrix of Cq 1 is

1 0/0 0 0 1
Gep=|1 1]1 0 0 1 |.
1 1)1 11

1

The corresponding binary cubic self-dual code is C3 in the notation of [3, Table 2].
The generator matrix Gg 2 of Cg o is

1 0 [0 0 Y+1 Y?4Y+1
Y24+Y+1 Y24Y+1[|1 O 0 1
Y Y 1 1 1 1

The corresponding binary cubic self-dual code is Hig in the notation of [3, Table 2]. We
note that ¢=1(Cs2) is a [18,9, 4] extremal Type I code.

The generator matrix of Cs 3 is

1 0]0 Y41 Y24Y+1 0
Geg,3 = 0o 011 0 0 1
Y Y |1 1 1 1

The corresponding binary cubic self-dual code is C3 @ Bis in the notation of [3, Table
2].

4. (=8
We construct all self-dual codes over R of length 8 from 1920 self-dual codes over R
of length 6 by using the method in Theorem 2.3. We can verify that there are exactly



Table 1: All binary cubic self-dual codes of length 24

binary codes | sd codes (PleSlo75) | min. wt d
¢~ 1(Cs.1) decomposable 2
¢ 1(Cs2) decomposable 2
o 1(Cs3) decomposable 2
¢ 1(Cs 4) decomposable 4
¢ 1(Cs5) Vou 4
¢ 1(Csp) Aoy 4
¢ (Cs1) Dy 4
¢~ (Csg) Ca 4
¢~ '(Cso) Waa 4
¢~ 1(Cs,10) decomposable 4
(ﬁ_l(C&ll) oy (Odd Golay) 6
¢~ (Cs2) Q24 4
¢_1(08,13) Foy 4
¢_1(Cg,14) Goy (Golay) 8
¢ (Cs.15) Loy 4
¢~ (Cs,16) E54 4

16 binary cubic self-dual codes up to permutation equivalence, and we denote them by

gb*l(C&l), -

,¢"1(Cs16). We construct Cgy, ..

.y C&g fl“OHl G6’1, 08,107 ..

.y 08,14 from

Ge2, and Cg 15 and Cg 16 from Gg 3. For the generator matrices of Cg1,---,Cg 16, We
only list x vectors in the notation of Theorem 2.3, respectively:

Cg1:x=
Cg2:x=
Cg3:x=
Cg4:x=
Cg5:x =
Cg6:x=
Cg7:x=
Cgg:Xx=
Cgo:x=
Cs,10
Cg11:
Cg,12 :
Cg,13 :

Cy,15 :
Cs,16 :

xi
X =
X =
Cg,14 1 X =
X =
X =

=(0,0,0,0,0,1)
=(0,0,0,0,Y +1,Y2 +Y 4+ 1)

(

(
(0,0,0,Y +1,Y2 +Y +1,0)
(0,0,1,0,1,1)

(0,0,1,0,Y +1,Y +1)
(0,0,1,0,Y2 4+ Y +1,Y2 4+ Y +1)
(0,0,1,1,Y +1,Y2 +Y 4+ 1)

(
(

=(0,0,1,Y +1,Y2+Y +1,1)

0,0,Y +1,1,Y, Y2 +Y +1)

:x=1(0,0,0,0,Y24+Y 4+1,Y +1)
=(0,0,0,1,Y +1,Y +1)
=(0,0,0,1,Y24+Y +1,Y24+Y +1)

0,0,1,1,Y +1,Y2 + Y +1)
0,0,1,Y +1,1,Y2 +Y +1)

=(0,0,Y +1,Y +1,Y +1,Y2 +Y +1)

(
(
(
(
(
(

0,0,Y +1,Y2 4+ Y 4+1,Y24+Y +1,Y24+Y +1)



5.

¢ =10, [30, 15, 6] codes

There are three weight enumerators for self-dual [30, 15, 6] codes [2]:
Wi =14 199% + 39318 + 1848y'0 + 5192¢'2 + .. ..

Wo =1+ 27y% + 369y° + 1848y + 525692 + - - -

W3 = 14 35y% + 34598 + 1848y'0 + 53204'2 4 - .-

It is known [1], [2] that there are precisely three codes with Wi, a unique code with Wa,
and precisely nine codes with W3. Only two cubic self-dual [30,15,6] codes are given
in http://kutacc.kut.ac.kr/ “sunghyu/data/qcsd.htm. We have constructed three codes
with W; whose group orders are 576, 1152, 18432 respectively. We have also constructed
five codes with W3 whose group orders are 30,192, 1440, 40320, 645120. These codes are
as follows:

Gl'

[100000111Y+1Y2+Y +1]

YZ4+Y +1Y24Y4+1100001Y +1Y +1]

11Y?24YY?2+Y 1000Y +1Y2+Y +1]

Y2 4+Y V24 Y Y2 4+1Y24+1Y24Y +1Y24+Y+11001]

YY11YY1111]

Cy : Linear code [30,15,6] with W,
[100000000000000000110100011011)
010000000000000001000101000110]
00100000000000010110000011001 1)
000100000000000110011000101111]
00001000000000001010011010001 1]
000001000000000011010100110001]
000000100000000101001110100001]
000000010000000101010010110100]
000000001000000100101111010110]
000000000100000100110111011001]
000000000010000111000111011010]
000000000001000110100000001111)
000000000000100001101010001011]
000000000000010010010110111011]
000000000000001110011011010011]
Automorphism group order : 576

Go:

[10000011Y24+Y +1Y2+1]
[Y2Y2100001Y +1Y +1]

D0Y?4+Y Y?2+Y 1000Y +1Y2+Y +1]
YY Y +1Y?4+1Y2+Y+1Y?4+Y+11001]
Y2Y211YY1111]

Cy : Linear code [30,15,6] with W,



[10000000O00O00000101011000010101]
010000000000000000111110010001]
001000000000000001110111101010]
000100000000000110001110100111j
000010000000000111011010101111)
000001000000000110100100111101]
000000100000000100110011111100]
000000010000000000110100110000]
000000001000000000111000001111)
000000000100000001000111010101]
000000000010000010001111011000]
000000000001000011110010000101]
00000000000010010001011000011 1]
00000000000001001000000011001 1)
00000000000000111000110101101 1]
Automorphism group order : 1152

Gg:

[10000101Y?24+Y Y2+Y +1]
YY100001Y+1Y +1]
Y2Y2Y24+Y VY24Y 1000Y +1Y2+Y +1]
DO0Y2+1Y2+1Y2+Y +1Y2+Y +11001]
YY11YY1111]

C3 : Linear code [30,15,6] with Wy

[100000000000000010110111001101]
010000000000000010001101011111]
001000000000000101010110100001]
000100000000000111000101101000]
000010000000000011111011100100]
000001000000000011000010111001]
000000100000000100110011111100]
000000010000000100011001111011]
000000001000000101100100011001]
000000000100000101011100001100]
000000000010000101101000010110]
000000000001000100101111011001]
000000000000100001111100000011]
00000000000001001000000011001 1]
000000000000001111000110010100]
Automorphism group order : 18432

Gy [10000001Y +1Y2+41]
[YY100001Y +1Y +1]
Y24+Y V24Y Y24 Y Y24+Y 1000Y +1Y24+Y +1]



V+1Y+1Y2+1Y2+1Y24+Y +1Y2+Y +11001]
Y24Y+1Y?+Y+111Y Y 1111]

Cy : Linear code [30,15,6] with W3
[10000000000000000100011110001 1)
010000000000001010001100110100]
001000000000000000101010111111)
000100000000001000001111111100]
000010000000000011000001110110]
000001000000001001111000110011]
000000100000001011001111111010]
000000010000001010101110110010]
00000000100000000001100000011 1)
000000000100001011010001010111)
000000000010001010100001010101]
000000000001001011011100001000]
000000000000100001111100000011]
000000000000011000110110111001]
000000000000000100110111010001]
Automorphism group order : 192

G5:[10000001Y24+1Y24Y]

YZ24+Y +1Y24Y+1100001Y +1Y +1]
Y24+1Y241Y24+Y Y24Y 1000Y +1Y2+Y +1]
V24 Y V24 Y V241 Y241 Y24 Y +1Y24Y +11001]
Y2Y211YY1111]

C5 : Linear code [30,15,6] with W3
[L100O000O00O0O0O0O00O00000010000111100]
010000000000000101110100110110]
001000000000000100011101101110]
000100000000000111111111111010]
00001000000000011101100010000 1]
00000100000000011010011011001 1]
00000010000000000010011010101 1]
000000010000000100101111101001]
000000001000000100101111010110]
000000000100000000111000000110]
000000000010000101110111010001]
000000000001000100001010001100]
000000000000100101100101010100]
000000000000010011110001101110]
000000000000001111110000000110]
Automorphism group order : 1440



Ge: [1000000Y +11Y2+Y]
YZ24+1Y24+1100001Y +1Y +1]
V+1Y+1Y24+Y Y24Y 1000Y +1Y2+Y +1]

V24 Y V24 Y V241 Y241 Y24 Y +1Y24Y +11001]
YY11YY1111]

Cs : Linear code [30,15,6] with W3
[L0O0O000O00O00O0O0000000101101100011]
010000000000000001011100111110]
001000000000000100000111010000]
000100000000000111110011111010]
000010000000000010110000101011]
000001000000000011000010111001]
000000100000000101000010100001]
000000010000000100101111101001]
00000000100000010101001000101 1]
000000000100000100110111101111]
000000000010000101010111101010]
000000000001000100111100001001]
000000000000100001101010111101]
000000000000010010010110001101]
000000000000001110010111100101]
Automorphism group order : 30

Gr:[10000111Y24+Y Y24Y]
[11100001Y +1Y +1]

YV +1Y+1Y24+Y Y24+Y 1000Y +1Y24+Y +1]
DO0Y2+1Y2+1Y2+Y +1Y2+Y +11001]
YY11YY1111]

C7 : Linear code [30,15,6] with W3

[100000000000000011011000110100]
01000000000000001001001111001 0]
001000000000000100011101101110]
000100000000000110001110100111]
00001000000001000000011000001 1]
000001000000010001001110001010]
000000100000010111001110010010]
000000010000000101011110110100]
000000001000010110011001111110]
000000000100010110010111111001]
000000000010000111001110000100]
000000000001010101000010110111)
00000000000011001100101010101 1]
00000000000000111000000101101 1)
00000000000000000011011001101 1]



Table 2: Binary extremal cubic self-dual codes of length n = 36, 42
Codes C), ; X vector Using Gen. Weight |Aut|
Matrix Enumerator
C36,1 YZ2H+Y +1,Y24+1,Y24+Y, Y +1,Y2+Y, G1io W1 18
Y24+1,Y,Y24+1,Y24+Y,Y?)
C36,2 (LYZ+Y +1,Y +1,1,Y2 4+, G1o Wy 24
Y +1,Y24Y,1,Y,Y +1)
Cz6.3 YZ+1L,1,Y24Y +1,Y +1,Y2 +Y +1, G1o w1 36
Y, Y2 +4+1,0,Y24+1,Y)
Cs6,4 (Y2 4+1,Y +1,1,Y + 1,0, G1o W1 48
Y,Y +1,0,0,1)
C36,5 YZ,1,Y2Y +1,0, G1io W1 96
Y2 4+Y,Y24+1,Y24+Y,Y2Y)
Cs6,6 (Y,0,YZ+1,Y +1,Y2 +1, G1o w1 240
Y +1,1,Y24+Y +1,0,Y + 1)
C36,7 YZ24+Y, Y2 +Y,YZ4+Y, Y2 +Y, YZ1Y, G1o W1 288
Y,1,Y2, Y2 +Y +1,Y?)
C36,8 Y24+ 1,YZ24+1,Y24+Y +1,Y24+Y,1, G1o w1 384
1,Y24+Y,Y +1,Y2,Y?)
C36,9 (Y241,0,Y,0,1, G1o W1 12960
Y2,0,Y2,1,Y +1)
Caz21 YZ4+Y, Y +1,1,Y,YZ+Y +1,Y, G1o Wa, B=0 3
Y,0,Y2 +Y,Y2, 10)
Caz,2 (Y24+Y, Y2 +1,Y,Y2+1,Y2 +1,Y +1, G1o Wo, B=3 3
Y2 4+VY,0,1,Y,Y24+Y, Y2 +1)
Caz.3 YV, Y2, 1,Y2+Y,1,Y,Y, Y2 +Y + 1, G1a Wy, B=6 3
Y2 4+Y,Y24+Y +1,0,Y)
Caz,a (YZ4+1,Y +1,0,Y2+Y +1,Y2 4+, Gia Wa, B =9 3
Y2, v24+Y,Y241,Y24Y,Y2, Y2 4+1,0)
Ciz.5 (YZ,1,Y,Y2,Y,0,Y2, Y2, G1a Wa, B=0 6
Y2, v24+Y,Y24+Y +1,0)
Caz6 0, Y2, Y24+Y +1,0,Y2+Y,1,0,1, G1o Wa, B =3 6
Y24+Y +1,Y,Y2+Y +1,0)
Caz2,7 YZH+Y +1,Y24Y, Y2 4+Y,Y24+Y,Y +1, Gio Wa, B=6 6
Y2 4+1,Y+1,Y,Y2+1,0,Y2,0)
Caz8 YZ24+Y +1,1,Y,Y +1,Y +1,YZ+Y, G1o Wa, B=09 6
Y2V, Y24Y,Y2+1,Y,Y)
Caz2,9 YZY,0,Y24+Y +1,Y2 Y24+ 1,Y2 +Y +1, Gio Wy, B =12 6
1,Y,Y, Y2 4+Y 4+1,0)
Ca2.10 (YV,1,0,Y2 +Y +1,Y2, Y2+ Y +1,1, Gi2 Wo, B=0 12
Y24V, Y2 4Y 4+1,Y241,Y24+Y 4+1,1)
Ca211 0,Y, Y2+ Y + 1, Y2+ Y +1,YZ 1Y, Gi2 Wa, B =3 12
Y2 4+1,Y24+Y +1,0,0,Y2+4+7,0,Y)
Ci2.12 (LY2+Yy +1,1,1,Y2,1,Y2 + 1, G1o Wa, B=09 12
Y24+Y,Y24+Y 4+1,0,Y,1)
Ca2,13 (Y24+1,0,1,Y2,1,Y,Y +1,Y2, G1a Wa, B =6 36
Y24+1,Y24Y,Y,Y?)
Ca2.14 (LYZ+1,Y24+1,0,Y2+1,Y2 +1, G1a Wa, B =9 36

Y +1,Y2,Y+1,Y,Y2+Y,Y 4+ 1)

Automorphism group order : 40320

6. ¢ =11,12, [36,18, 8], [42,21, 8] codes

G1o

G2

1,0,Y +1,Y,1,1,Y2 4+ Y, Y2 +1, Y2+ Y,0

Y
1,1,0,
Y, v, 1
1,1,Y

1,1,1,0,Y2, Y2 +Y, Y2, Y24+ Y +1,Y2+1,Y2+Y
Y24 1L,Y24+1L,Y24Y+1,Y24Y +1,1,0,Y +1,Y2 4+ 1, Y24V, Y2 +Y +1
Y24Y,Y24Y,Y+1,Y+1,1,1,1,0,Y +1,Y2 4+ Y 4+ 1
1,1,Y2, Y2, Y2, Y2 v,Y,1,1

1,0,Y2, Y24 Y +1,Y24+Y, Y24+ Y 4+1,Y24Y4+1,Y24+1,Y2, Y +1,Y,Y
0,0,1,0,0,Y24+VY,Y, Y2, Y2+ 1Y, Y24+ Y +1,Y24+Y +1

241, Y24+1,Y24+1,Y241,1,0,Y2, Y24 Y, Y2, Y24+ Y +1,Y2 +1,Y2 4+ Y
1,0,0,Y2+Y +1,Y24+Y +1,1,0,Y +1,Y2 4+ 1,Y2 4+ YV, Y2+ Y + 1
LY +1,Y +1,1,1,1,0,Y + 1, Y2 + YV 4+ 1
2 Y +1,Y24+Y +1,Y2,Y2,Y2, Y2y, Y, 1,1




2 Classification of binary quintic self-dual codes

1. Case: £ =2
It can be checked that there is a unique self-dual code C5 in R. The generator matrix is

Go=[1 1].
The weight enumerator of the corresponding quintic self-dual code is
Wori(ey = (L+9°)".

2. Case: £ =14
There are 120 self-dual codes over R of length 4 constructed from G by using Theorem
2.3. We can verify that there are exactly three permutation inequivalent binary quintic
self-dual codes, ¢~1(Cy1), ¢ 1(Cu2),d 1(Ca3), and in fact, they are all the possible
binary quintic self-dual codes of length 20 by Theorem 2.7.

The generator matrix of Cy 1 is

1 0/0 1
G4’1_[1 1]1 1}‘

The quintic self-dual code corresponding to G4 is equivalent to C3%in [3].

The generator matrix of Cy 9 is

Gyo =

)

1 0 |Y+1 V¥4V +1
Y2 v?| o1 1 '

The quintic self-dual code corresponding to G4 2 has the following weight enumerator
Wy-1(0yp) =1+ 55" + 8055 +2504° + 35240 + - -,

and the order of automorphism group is 2'2 -3 .5. The code ¢_1(C472) is equivalent to
My in [3].
The generator matrix of Cy 3 is

G [[LOYP4Y24YV 41 VI4VI4 Y24y 41
POy Y 1 1 '

The quintic self-dual code corresponding to G4 3 has the following weight enumerator
Wy-1(cuy) =14+ 45y* +2109° + 51290 + - - |

and the order of automorphism group is 217 -3*.5%.7. The code ¢~ 1(Cy3) is of Type II
and equivalent to Jog in [3].

3. Case: £ =6
We construct all self-dual codes over R of length 6 from 120 self-dual codes over R of
length 4 by using the building-up construction in Theorem 2.3. We can verify that there
are exactly 11 quintic self-dual codes up to permutation equivalence, and we denote
them by ¢ 1(Cs1),...,071(Cp11); Theorem 2.7 shows that they are all the possible



binary quintic self-dual codes of length 30. We construct Cs 1, ...,Cs 10 from Gy 1, and
Cs,11 from G4 2. The generator matrices are given as follows:

1 0/]0 0 0 1
Gep=|1 1]1 0 0 1 |.
1 11 1 1 1
1 0 |0 0 Y+1 Y34V +1
Geoa=| YI+Y2+1 YI+Y2+1|1 O 0 1 .
Y? Y2 1 1 1 1
1 0 [0 0 Y34Y24Y+1 YI4V34Y24Y +1
Geés=| YI+Y>+Y?2+Y +1 Y*I+Y34+YZ4+Y+1[1 O 0 1
Y Y 11 1 1

1 0 |0 1 Y*’4Y Y41
Geés=| YE+1 Yi4+1]1 O 0 1
Y3 Y3 11 1 1
1 0 [0 1 Y34+Y2 Y +1
Ge,6 = Y3+l Y41 1 0 0 1 .
Y44+yY34Y2 vi4vY34YvY2 |1 1 1 1
1 0 [0 Y+1 Y241 Y44+v34+V24Y+1
Ger=| YI+Y3+YZ4+Y +1 YI+Y3+YZ2+Y +1 1 0 0 1
Y24+Y +1 Y24+Y +1 1 1 1 1

1 0|0 Y41 Y?+4+Y 1
Geg=| 1 1 |1 0 0 .
1

1 0|0 Y41 Y34Y+1 0

Geo=| 0 0 [1 0 0 1

{ 2 y?2 |1 1 1 1}
1 0|0 Y34Y24+Y+1 Y*4Y34+Y24Y+1 0
Ge,10 = 0 0|1 0 0 1
[Y Y‘l 1 1 1]

1 0 | 0 Y41 Y+1 1
Gea1=| Yr+Y3+1 Y34+VY34+1 | 1 0 Y+1 Y34+Y+1 |.
Y44+Y24Y Y44Y24Y | Y2 Y2 1 1

The corresponding weight enumerators of the quintic self-dual codes ¢~ 1(Cg;) with
1 = 1,2,---,11 are given as follows. In fact, W¢71(Cﬁ,2), W¢71(Cﬁ,5), W¢71(Cﬁ,6), and
Ws-1(c.1,) are the same, and so there are exactly 8 different weight enumerators as
follows:

} |

Wy-1(00) = 1+ 15y° + 105y* + 455y° + 1365y° + 3003y + 5005y + 6435y"* + - - -

Wo1(Co2) = Wo1(Cos) = Wo1(Cos) = Wor(Conn)

=1+ 35y% + 345° 4 1848y1% + 5320y'% + 8835y + - - . .
Wi-1(ceq) = 1+ 30y" +125y° + 315y® + 1518y'0 + 5140y + 9255y + - - - .
Wy-1(ce.0) = 1+ 155" + 80y°® + 330y® + 1683y"" + 5230y + 9045y + - - - .
Wey-1(cen) = 1+ 10y* + 65y° + 335y° + 1738y'0 4 5260y + 8975y™* + - - - .
W-1(ces) = 1+ 5y* +50y° + 340y° + 1793y"0 4 5290y + 8905y™ + - - - .
Wy-1(ceq) = 1+ 5y” + 15y + 115y° + 705y° + 2453y'% + 5335y'> 4 7755y + - - - .
W-1(Ce10) = 1+ 5y + 55y* + 235y° 4 665y° + 2013y'" + 5095y + 8315y™ + - - - .

9



The orders of the automorphism groups of ¢=(Cg1),...,¢ *(Cs11) are as follows re-
spectively: 226.36.53.72.11.13, 2°.32.5, 222.3%.5%3 216.35.5 2.3.5 27.32.
5.7, 219.32.52 2ll.5 9221.32.52 925.35.53.7 2l1.32.5.7

References

[1] J.H. Conway, V. Pless, N.J.A. Solane, The binary self-dual codes of length up to 32, a
revised enumeration. J. Combin. Theory, Ser. A. 60 (1992) 183-195.

[2] J.H. Conway, N.J.A. Solane, A new upper bound on the minimal distance of self-dual codes,
IEEE Trans. Inform. Theory. 36 (1990) 1319-1333.

[3] Pless V.: A classification of self-orthogonal codes over GF(2). Discrete Math. 3, 209-246
(1972).

10



